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FOREWORD

Results contained in this report were oblained during the course of
research conducted under the contract N-62269-85-C-0246, from the Naval
Air Development Center to Drexel University. The NADC program manager is
Mr. Lee W. Gause. The program principal investigator at Drexel University is
Professor A S. D. Wang. Contributors to this program are Dr. E. S. Reddy, Mr.
W. Binienda and Mr. Y. Zhong of Drexel University, and Professor F. Delale of
the City College of New York. The authors wish to thank Mr. Gause for his

many helpful suggestions during the course of this work.
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I. MIXED MODE MATRIX CRACKING
introduction.

Structural composite laminates, notably those made of unidirectional
tape systems, are known to suffer extensive matrix cracks before the failure
of the load-carrying fibers. These matrix cracks occur because of the inter-
facial stresses that arise from local load-transfer. For instance, load transfer
from a weakened fiber bundle to an adjacent stronger fiber bundle may induce
debonding between these two fiber bundles. Similarly, load transfer from a
. weakened lamina to an adjacent stronger lamina may induce delamination
’
between these two laminae. Thus, the initiation and propagation of matrix

cracks in laminates of multi-directional plies usually follow either the

= fiber/matrix interface or the ply/ply interface, or both.

:3 Fig 1.1 shows the extensive matrix cracking that .ccurred in a notched
; graphite-epoxy [02/902]s laminate subjected to uniaxial tension. Two major
_ types of matrix cracking occurred when viewed at the phenomenlogical scale.

o Namely, in-ply cracking between two adjacent fiber bundles and delamination

._'zt'.-. "

between two adjacent plies. The four vertical cracks were initiated first near

the hole and propagated inside the 0%-plies. The driving force here was clearly

:; due to the load-transfer from the fiber bundle cut by the hole to the fiber
3‘: bundle which is uncut. As the vertical cracks propagated away from the hole,
@ load transfer then took place locally between the cracked 0°-plies and the
-}_: uncracked 90%-plies. This in turn induced interply stresses along the root of
'- the vertical cracks; and delamination in the 0/90 interface initiated and
: propagated with the applied load.

A closer analysis of the cracked specimen stress field at each major

Y

stage of crack development would reveal a complex three-dimensional stress
state. Stress concentration is high near the crack-root regions; and the

resulting crack propagation is mixed-mode (with both ~pening and shearing
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actions(1)).

The basic mechanisms of in-ply trans-fiber cracking and interply
delamination have recently been treated at the phenomenlogical scale by a
unifed energy method [2]. The energy release rate concept of elastic fracture
mechanics was employed as a criterion for crack propagation. This method,
when coupled with a three-dimensional stress analysis and limitted to mode-|
propagation conditions, has proven useful for predicting brittle matrix cracks

in graphite-epoxy systems. For mode-I cracking, it is necessary to determine

the strain energy release rate G| as the crack-driving force and validate the

corresponding critical strain energy release rate 6. as a material property [2)

As for matrix cracks that involve mixed modes, such as those illustrated
in Fig. 1.1, the applicabilty of the energy method has not been as firmly
established. One major difficulty is that the specimen geometry effects on
mixed-mode crack propagation are intrinsically coupl.d with the material
effects. Separation of these effects requires a rigorous aialysis of the cracked
specimen at each major stage of crack development.

There have been several studies aimed at establishing criteria for
mixed-mode matrix cracking in unidirectional 1aminates. Most of the studies
used graphite-epoxy systems. Wilkins, et. al. {3] and Ramkumar, et.al [4] used
the cracked-lap shear specimen loaded in uniaxial tension to induce mixed
mode-11/mode-1 delamination between the cracked lap-layer and the substrate

layer. By varying the thickness of the 1ap-layer relative to the substrate layer,

the mixed-mode ratio G;;/G; in the measured total critical strain energy

release rate could be varied from 0.35 to 0.45. They observed that the total

strain energy release rate (G+Gy ). is somewhat greater than G,. obtained

under pure mode-l conditions. Bradley and Cohen [5] used a cantiliver
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split-beam specimen loaded by a pair of upward and downward loads applied at

the tip of the cantiliver. Variation of the mixed-mode ratio G| |/6| was achteved

by changing the ratio of the upward and downward loads. In this way, they
obtained a range for the 6;,/6, ratio from O to about 0.6. They observed that

the measured total strain energy release rate (G,*G, ). increased uniformly
with G”/G| in those systems made of brittle matrix material, but decreased

slightly with G,,/6, in systems made of ductile matrix material. Wang, et. al.

(6] used a doubled side-notched off-axis unidirectioal laminate coupon loaded
in axial tension. By varying the off-axis angle from 0° t» 90°, the mixed-mode

strain energy release rate for G;,/6, ratio ranging from O to about 3 could be
determined. They found that the total strain energy release rate (6|*G,}). first
increased with 6),/6; monotonically up to about G;;/6, = 1.5, and then reached

an asymptotic value which is about three times G).. Russell and Street 7] used

four different test specimen configurations and obtained mixed-mode strain
energy release rates for a wide range of mixed-mode cracking conditions. Their
results showed that the measured strain energy release rate vatues were test
specimen dependent.

Clearly, no firm agreement could be reached toward establishing a
general criterion for mixed-mode matrix cracking, despite these and n.any
other efforts. It is believed that one principal reason for the disagreement in
results is that the effects of specimen geometry on mixed-mode matrix
cracking were not rigorously separated from material effects. Specifically, the
mathematical analysis for the cracked specimen \vas based on either
one-dimensional beam theory or a finite element laminzc2d plate model. These
approximate methods lack the required precision to treat highly three-
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dimensional stress fields that often contain stress singularities. This is

especially true when applied to mixed-mode cracking conditions, where

significant errors could resuit in the computed G; and G, energy release rates.

Objectives of Research.
The purpose of this study is to overcome the above stated difficulty by

developing an analysis for mixed-mode fracture employing an ideal specimen
configuration and loading condition. This problem can be treated rigorously on
the basis of the theory of elasticity and fracture mechanics. Concurrently, a
finite element procedure is developed to simulate the same problem and yield
accruate numerical solutions. Mathematical rigor and n..nerical accuracy are
needed at the same time in order to ensure correct separation of the specimen
geometry effects from the material effects. Finally, experiments are

conducted using specimems of similar configurations to generate mixed-mode

fracture data on a wide range of G,)/G, ratios. The corresponding fracture

analysis is performed using the finite element simulation model. This will
provide a final correlation between experiment and analysis.

It should be mentioned that an exact elasticity solution for the test
specimen configurations cannot presently be obtained, requiring use of a
numerical model with established accuracy.

Research Plan.
To this end, the following research plan involving four analysis steps as

illustrated in Fig. 1.2 was implemented.

Step A. We begin with a unidirectional laminate of infinite domain. Let !1
the laminate contain a through-thickness kinked crack and subject to a uniform N
far-field tensile stress 0o. Let the base of the crack be orientated normal to o
the far-field tension, while the kink be in the direction of the fibers. The angle L

between the fiber and the applied tension is denoted by 8. Assuming linear

P S S e e e, . Yt Y
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elastic response under the applied stress 0o, @ pair of dissimilar stress
singularities develop at the two crack tips. At some critical 0o, the kink will

propagate in mixed-mode along the fiber direction. Our plan is to determine the

crack tip stress intensity factors K; and K|; as well as the strain energy

release rates G| and Gj;. By treating the laminate as an elastic, homogeneous

and orthotropic body that contains the prescribed kinked crack we solve the

elastostatic problem exactly based on the theory of elasticity. Note that the

determined mixed-mode G”/G, ratio at the tip of the kink will vary with the

angle 8 as well as the length of the kink, a'. We are especially interested in the
cases where @' is arbitrarily small.

Step B. Next, we simulate the problem by a finitc element model. Here,
we represent the infinite plate by a rectangular plate which contains the same
kinked crack. The length and width of the plate are so large that the effects of
the plate boundaries will not affect the stress state near the kinked crack. The
finite element shape and mesh size selections must be tuned to yield a result
as close as possible with that obtained by the exact elasticity solutions. This
step establishes the degree of accuracy of the finite element mode!.

Step C. Having established confidence in the accuracy of the finite
element mode!, we then use the model and simulate a finite width, off-axis

unidirectional tensile coupon with double side-notches. We assume that the

far-field stress, 0o, will initiate a kinked crack and propagate unstably along

} the direction of the off-axis fibers at some critical value. The finite element

<«
-‘l
W
.

model simulates this mixed-mode cracking and yields both the kink-tip stress

RN

TR AR

intensity factors K; and K|, and the strain energy release rates G, and Gy;. The

computed mixed-mode G;/G, ratio at the tip of the kink v:ill vary not only with

the off-axis angle 8 but also with the depth of the side-notch, a.
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Note that this problem differs from the previous one in that the kink-tip
behavior in this problem is affected significantly by the free edge boundary
and the notch depth relative to the width of the tensile coupon.

Step D. The final step involves experiments in which off-axis tensile
coupons with double side-notches are tested the same way as those simulated
in Step-C. Here, the critical far-field stress, O¢r, at the propagation of the kink
is recorded. This provides the necessary data for correlation with the analysis
performed in step-C.

In order to effect a realistic and reliable correlation, the off-axis angle
0 of the test specimens is varied from 0° to 90° in seven different increments
and the initial depth of the side-notches is varied from 0.1 to 0.175 inch in four
increments (the width of the coupon is 1.0 inch).

The analytical treatment for the problem as described Step-A and the
finite element simulation for the same problem as described in Step-B are
outlined in Section 2. The detailed mathematical derivations and solution
procedures for the analytical problem are included in Appendix A, while the
details of the finite element calculation routine are referred to an earlier
publication. Section 3 discusses the experiment, the experimental results, the
finite element simulaticiis and the final experiment/analysis correlations as
described in steps C and D above. Finally, a set of concluding remarks is

presented in Section 4.

ARSI

Y
PP

s

ST




NADC-87133-60

Fig. 1.1 X-radiograph of matric crack development in a notched [02/902)s

graphite-epoxy laminate loaded in axial tension
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1. MIXED-MODEFRACTURE ANALYSIS MODELS

In this section, we shall consider the problem of a kinked crack in an
infinte anisotropic elastic plate which is subjected to a uniform tensile stress
field. The problem will be treated first by an exact elasticity formulation and
then by a finite element simulation. The purpose of the analytical treatment is
to obtain, for the first time, an exact elasticity solution for the posed problem,
from which the accuracy of the finite element simulation procedures can be
established.

sticity Solutions Fo inked Crack.

Consider the kinked crack shown in Fig. 2.1. The inifinte plate is a
representation of the unidirectional laminate with the fibers orientated at an
angle 8 from the direction of the applied tension. The base of the kinked crack
is situated normal to the applied tension, while the kink itself is orientated

along the fiber direction. Our objective here is to determine the mixed-mode

stress Intensity factors K; and K, and the strain energy -elease rates 6, and
G, at the tip of the base as well as of the kink.

The corresponding problem of a kinked crack in an infinte elastic
isotropic plate has been treated by Gupta [8,9) and Chatterjee [10]. In both
cases, the singuiar integral solution scheme was employed. Here, we shall first
address the problem of two separate cracks embedded in an orthotropic plate;
one is the base and the other is the kink. Initially, these two separate cracks
are unconnected. Using the crack surface displacement derivatives as unknowns
and the principle of superposition, the problem is then formulated in terms of
singular integral equations with Caushy type kernels. The resulting system of
equations are solved numerically employing a Gaussian quardrature and the
collocation method. The mode | and mode |1 stress intensity factors are then

calculated with the relative angle, relative distance and relative size of the
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7

two cracks as parameters. 3;-
Next, by letting the right tip of the base and the lower-left tip of the .f'

kink touch each other it thus becomes one kinked crack. At this configuration, ‘3
the singular integral equations are still valid; but some of the kernels become EE

singular at the point of connection. By imposing the condition that the surfaces

at the connecting point are now free of stress, the problem reduces to that

LY

posed in Fig. 2.1. The details of the analysis, including the mathematical
derivations and solution procedures, are presented in Appendix A.

Some interesting results have been obtained for a number of cases.
Consider first the case of two separate cracks where the base crack and the
kink do not touch each other. Their interaction in terms of fracture parameters
can be investigated by varying their orientation angle, relative length, relative
distance and the degree of anisotropy of the medium.

For example, Fig. 2.2 shows the mixed-mode stress intensity factors at
the two approaching tips b and c, as a function of their relative distance, h, for

an isotropic plate in which the two cracks are of equal size (2°) and with an

LA

angle « = 300 (see insert in Fig. 2.2). The interactiun between the two

approaching cracks is clearly illustrated by the dependence of the stress

o Y o '
'y "‘ Y 5})‘1}‘, ’.P o -

&

<.
intensity factors on the relative distance h. In fact, a singular behavior is &
exhibited when the two cracks touch each other. It is shown mathematically :\

that the crack tip singularity at this configuration is different from being 1/2,

see Appendix A. "
The corresponding problem for an orthotropic plate (mimicking a , ;.1
graphite-epoxy UD laminate) is shown in Fig 2.3. The crack interaction ;-‘.'::
behavior is essentially identical to that shown inFig. 2.2. :4
With a fixed distance h, the interaction is expected to vary with the kink ; -

angle a. Fig. 2.4 shows the case of an isotropic plate in which two cracks of :'_:T_

N
equal size (2°) maintain a fixed distance h =0.1". Here, the stress intensity ?'351
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factors at the extreme crack tips (points a and d) are plotted against the angle
«. The corresponding plot for an orthotropic plate is sh:wn in Fig. 2.5. Again,
the interaction behaviors of these two cases in terms of fracture parameters
are essentially similar.

Next, consider the problem in which the two cracks of equal size (2°)
touch each other at the kink point and thus become a kinked crack. Fig. 2.6
shows the case of an isotropic plate, where the mixed-mode stress intensity
factors at the extreme tips (points a and d) are plotted against the kink angle
«. The corresponding plot for an orthotropic plate is shown in Fig. 2.7. The
general features in these two cases displayed in terms of the stress intensity
factors are also similar.

As was noted earlier, one problem of practical interest is when the
length of the kink, a', is shortened as to approach zero. In the limit, the
behavior of the crack is still that of a kinked crack. This problem is relevant to
the case of a crack whicn is situated in an orthotropic plate, not aligned in any
one principal direction, but will propagate in one of the principal directions
(e.g. the fiber direction). The mixed-mode stress intc isity factors at the
initiation point of the kink can be obtained by this solution procedure.

Fig. 2.8 shows, for an isotropic plate, the change of the mixed-mode
stress intensity factors at the kinked crack tips (points a and d) as the length
of the kink (L2) is shortened to zero. Here, the base crack has a lengthof Ly = 2°
and the kink angle is set at « = 30°. The corresponding plot for an orthotropic
plate is shown in Fig. 2.9.

At this point, it should be mentioned that the stress intensity factors
obtained for all cases relative to isotropic plate closely agrees with those
reported previously, even though our solution technique is different. Table 2.1
shows a comparison between the present results and those obtained by Gupta
[9) and Chatterjee [10] for a kinked crack having the base and the kink of equal

1
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size, and kink angles of 300, 459 and 60°. Thus, our results for the isotropic
plate can be trusted as being exact.

There are no other solutions for the orthotropic plate to compare with
our results, however. Since the isotropic plate represent a limiting case of the
orthotropic plate in our solution, it is believed that our results for the

orthotropic plate can also be trusted as being exact.

Finally, the mixed-mode strain energy release rates Gy and G;; at the

kinked crack tips will be calculated from the solutions of the elastic stress
field which Aepends on the solutions of the crack tip stress intensity factors.
The details of the calculation are again presented in Appendix A.

Fig 2.10 shows, for the isotropic case, the mixed-mode strain energy

release rates G, and G| and the total Gy=6*G,, at the tip of the kink (point d)

as a function of the length of the kink (L2). Here, the base crack length L; = I°
and the kink angle « = 300. The corresponding plot for the orthotropic case is

shown inFig. 2.11.

Fig. 2.12 is aplot of the strain energy release rate< G,, 6, and 61, for an

isotropic plate, as a function of the kink angle, a. In this case, the length of the
kink is made small (L2 = 0.17) compared to the length of the base (L) = 17). The
corresponding plot for an orthotropic plate is shown in Fig. 2.13.

A more detailed parametric study on the mixed-mode stress intensity
factors and the strain energy release rates at the kink tip in both isotropic and
orthtropic plates is contained in[11,12).
tinite Eleme i

The problems, treated above based on exact elasticity formulation, will
now be simulated by means of a finite element model. The finite element
procedure employed has been developed for a previous NADC study on matrix

cracking analysis in multidirectional laminates [13). Hence, the details of this
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work will not be presented here.

The simulated model is illustrated in Fig. 2.14, where a finite-width
rectangular plate containing a kinked crack is considered. To simulate an
infinite plate, the length and the width of the plate are made very large
compared to the size of the kinked crack. In this particular simulation, the
width W of the plate was 10 times the length of the base crack; and the length
to width ratio of the plate was set at 3 to 1.

With these provisions, the boundary effects on the finite element
results for the mixed-mode stress intensity factors and the strain energy
release rates are minimized. Generally, the computed stress intensity factors
are more sensitive to the finite element shape and mesh size in the crack

region than the computed strain energy release rates. In particular, the total

strain energy release rate Gy = G;*G;, agrees most closely with the elasticity

solutions. Thus, by tuning the finite element shape and mesh near the kinked
crack, the accuracy of the finite element results can be ¢ ,timized.

For the case of an isotropic plate where the kink is made small compared
to the base (L2/L1 = 0.1), a comparison is made between the finite elerment
solutions and the elasticity solutions for the kink tip strain energy release

rates. Figs. 2.15, 16 and 17 show, respectively, the kink tip strain energy

release rates G, 6| and Gy as functions of the kink angle, «. The corresponding

comparisons for a kinked crack in an orthotropic plate are displayed in Figs.
2.18, 19 and 20. The close agreement between the finite element results and
the elasticity results establishes the accuracy of the numerical procedure.

The finite element method will be used to simulate the test specimens
used in the experimental study, since an elasticity solution for those specimen

configurations is not available.
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Stress Intensity Factors (normalized by 0q) at Kinked Crack Tips.

LW W We T n

(Isotropic Plate with Ly = L2)
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TABLE 2.1

--------

AT

kink angle K/0, Present Solution Gupta([9] Chatterjee [10]
Ki(a) 1.3421 1.3559 1.3508
K2(a) 0.0328 0.0327 0.0325
Ki(d) 1.0949 1.0873 1.0830
K2(d) 0.6855 0.6833 0.6804
Ki(a) 1.2732 1.2602 1.2887
K2(a) 0.0217 0.0211 0.0208
Ki(d) 0.7546 0.7463 0.7438
K2(d) 0.8450 0.8405 08377
Ki(a) 1.2082 1.2221 1.2194
K2(a) -0.0108 -0.0109 -0.0116
Ki{d) 0.3941 0.3300 0.3822
K2(d) 0.8350 0.8319 0.8292
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Fig. 2.1 Geometry and reference frames for a kinked crack in an infinte
orthotropic plate.
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Fig 2.2 Interaction of two cracks as a function of their relative

distance, h. Isotropic case with a = 30°.
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Fig 2.3 Interaction of two cracks as a function of their relative

distance, h. Orthotropic case with a = 309,
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Fig 2.6 Stress intensity factors (normalized by 0o4/L/2) at the kink tip
as a function of kink angle, «. Isotropic case with L) = L2.
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Fig 2.7 Stress intensity factors (normalized by 0o4/L/2) at the kink tip

as a function of kink angle, a. Orthotropic case with L) = L2.
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Fig 2.8 Stress intensity factors (normalized by 0o/L/2) at the kink tip

as a function of kink length, L2. Isotropic case with « = 30°.
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Fig. 2.14 Finite element model for a kinked crack i.: an infinite plate.
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as a function of kink angle, «, by elasticity and finite element
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111. EXPERIMENT AND RESULTS

Material and Specimens.
a Hercules AS4-3501-06 graphite-epoxy unidirectional tape was used to

.~y W WS W

fabricate 8-ply unidirectioal (UD) laminates. Off-axis tensile coupons 9 ~ long

L and 1° wide were machined from these laminates. End-tabs 1.5° long were By
v bonded to specimens yielding a 6-inch test section.
Two sets of coupons were prepared for test: Unnotched and double-side 2 :
notched. The set of unnotched coupons were strain-gaged and tension tested to »

2 provide the basic unidirectional ply elastic constants. Coupons with the

;' following of f-axis angles were tested: | 5

: 8= 09,59 109, 159, 200, 259 and 900,

In addition, a set of [¢452]s laminate coupons was also tested to E
determine the shear modulus G y of the unidirectional ply. E
The set of double side-notched coupons were tested for mixed-mode A

f fracture. Fig. 3.1 depicts the geometry of the double sic.-notched specimens.

: Initially, the side-notches were cut with a 8-mil diamond saw to depth, a, as ;
shown. Under the applied tensile stress 0o, @ kink crack, denoted by a', is b
expected to initiate from the side-notch tip and propagate in the fiber :
direction. The propagation of the kink crack then provides the desired :

mixed-mode fracture condition.

Since the mixed-mode fracture behavior at the notch tip is influenced by
the off-axis angle 6 as well as the depth of the initial side-notch, these
parameters were varied during the experiment as follows:

8= 00,59, 109, 150, 200, 250 and 900
a= 0.1°,0.1257,0.15"and 0.175".
Thus, a total of 28 mixed-mode fracture conditions were created during

LR ST % BN N
v = L)

®
o

o5

this set of tests. Three to four specimen replicates were tested for each
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fracture condition, with the exception of one side-notch case (a=0.15) where
only one specimen was available for some of the off-axis angles,
Test Method and Test Data.

All specimens were tested under room temperture condition in a
close-loop Instron tester with a load-control rate of 4000 Ibs/min. Tests of
00, 90° and [£452]s unnotched coupons were used to determine the following

averaged ply properties:

E,=210msi Ey=15Smsl G y=098msi v =03

The axial moduli Ex of the unnotched off-axis coupons were also
measured. Their averaged values are listed below:
8 00 SO 10 150 200 250 900
Ex(msi) 210 184 135 94 67 50 15

The critical load at the onset of the kink crack was recorded for

side-notched coupons. Post-test SEM examination of the i ictured surface near
the kink point was conducted to determine the fractured surface morphology
under S00x to 1000x magnification.

Fig. 3.2 shows the experimental plot of critical stress versus the
off-axis angle @ at the onset of the kink crack in those specimens having
side-notches 0.1° deep. In this plot, the average critical axizl strains were

calculated using

(ex)er = (Ox)cr/Exn ("

where Exn iS the axial modulus of the notched coupon. Exn was not measured
during the experiment. Value used in (1) was calculated by the finite element
routine. Table 3.1 lists the values of Exn for all the mixed-mode fracture test

cases conducted in this study.

Figs. 3.3 and 3.4 show the critical onset stresses for specimens having
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notch depth a = 0.125" and 0.175", respectively. The case for a = 0.15" is not
shown because of insufficient numbers of test specimens.

It is seen from Figs. 3.2 to 3.4 that the onset stress, (Ox)er, for Kink
crack initiation and propagation decreases sharply with the off-axis angle 6,
but only slightly with notch depth. On the other hand, the onset strain, (ex)cr,
appears to be insensitive to the off-axis angle but sensitive to notch depth.

Post-test SEM examination of the fractured surfaces revealed extensive
fiber breaking near the kink. Fig. 3.5 presents a typical SEM for each off-axis
specimen tested (6 = 00, 59, 100, 150, 200, 259 and 909°). Fiher breaks are
visible in all cases. This phenomenon is caused by fiber r;esting near the notch
region and fiber bridging accross the cracking path, an indication of strong
adhesion between the matrix and fibers.

Finite Element Simulation.

Using the finite element routine discussed in Section 2, the initiation
and propagation of the experimental mixed-mode kinked crack conditions can be
simulated. Referring to the off-axis unidirectionally reinforced composite
coupon shown in Fig. 3.1, let the coupon be 1oaded by the f_r-field strain ex = I.
The resulting stress field will be highly concentrated near each of the
side-notches. Assume that the notch tip stresses will cause a kink crack to
start from the notch tip and that the kink will propagate stably in the direction
of the fibers. Of interest is when the length of the kink a' is small. The

mixed-mode strain energy release rates Gl and G” at the kink tip are assumed

to control the behavior of the small kink propagation. The values of G; and G,

are calculated by the finite element routine via a crack-closure technique [13).
These are conveniently expressed in terms of the applied far-field strain in the

form:

Gl = Cl(ex)2 G” = C||(ex)2 (2)
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where C| and C;; are numerical coefficients from the calculation.

The values of and the ratio for 6, and G;; (or C, and Cyp) can vary

dramatically depending on the off-axis angle and the sidc -notch depth. Fig. 3.6
shows two families of plots for the coefficients C; and C;; with the side-notch
depth, 3, as a parameter and the off-axis angle, 0, as a dependent variable. Note

that the kink is highly mixed in fracture modes for off-axis angles up to 20°.

Beyond 259, the fracture of the kink is dominanted by mode-i. The mixed mode
ratio, defined here as G;/G; and shown in Fig. 3.7, is found to depend
principally on the off-axis angle 8. It is almost independent on the initial

side-notch depth a.

Critical Strain Energy Release Rates at Onset of Kink.
The critical stress (ox)cr a3t the onset of the kink was measured

experimentally. The corresponding critical strain (ex)er Can be calculated by
mean of equation (1). These results were shown earlier in Figs. 3.2, 3.3 and 3.4

for the cases of a = 0.17, 0.125" and 0.175", respectively. Thus, by using
equation (2) and the values of C| and C; shown in Fig. 3.6 we can calculate the
critical strain energy release rates Gy, Gy and Gy = G+Gy, for each of these
cases.

Fig. 3.8 shows the calculated critica) strain energy release rates 6. and
Gy for a = 0.1" as a function of the off-axis angle 6. If we disregard the

experimental scatter which is relatively small, the plot shows the total strain

energy release rate, GTC‘ tc be constant for all angles, dispite variations in the

mixed-mode fracture condition. The averaged Gy. in this case is about 1.8
in-1b/in?.

Fig 3.9 shows the calculated™strain energy release rates for the case of
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a = 0.125". Again, the benavior of Gy, IS the same. Here, the averaged Gy IS

about 1.7 in-1b/in2. The calculated Gy for the case of a = 0.175" is almost

identical to that calculated for the a = 0.125 case, see Fig. 3.10.
Fig. 3.11 is a2 mixed-mode interaction diagram plotted from all the
mixed-mode fracture test cases, including some from specimens of a=0.15".

These data show some degree of scatter, but the interaction diagram strongly

suggests that a criterion based on the total strain enerjy release rate Gy,

would be acceptable. This conclusion is based on the mixed-mode fracture data

which consisted of nearly uniformly distributed data points ir the G;)/6, ratio

range from O to 2.5. This range had not been achieved in any of the referenced
previous works.
Most available data for graphite-epoxy composite critical strain energy

release rates are limitted to G| Genrally, the measured values for G, lie in

the range between 0.7 to 1.5 in-1b/in2, depending on the material system used.

In this study, Glc was found to be of the order of 1.75 in-1b/in2. This seems

high compared to most other accepted values. Recall that in all our mixed-mode

fracture test cases, fiber breakage or fiber bridging occurred in the wake of

cracking, which could account for the higher measured values for G T and GTc-
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TABLE 3.1

Effective Axial Modulus, Ex, (in msi) for Test Specimens

Off-axis angle Notch depth, inch
6 0.100 0.125 0.150 0.175
00 206 204 20.1 19.8
50 18.1 17.8 17.7 17.4
100 13.3 13.2 13.0 129
159 9.3 Q.2 9.1 9.1
200 6.7 6.6 6.6 6.5
250 5.0 50 49 49
900 1.5 1.5 1.5 15
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Fig. 3.1 Net section of the tested specimen geometry
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F1g. 3.5 Photomicrograph of fractured surface near kink point A
specimen of 8=0°9, a = 015" (above); and a specimen of § - 90
a=01" (below).
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Fig 55 (continued) Photomicrograph of fractured surface riear kink point
A specimen of 8 =200, a = 0 1" (above), and a specimen of § = 259,

a= 0179 (below)
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{V. CONCLUDING REMARKS

In this report, an effort was made to study the mixed-mode fracture
behavior of a kinked matrix crack in graphite-epoxy composite materials.
Previous efforts in determining fracture quantities, such as the stress
intensity factors or the strain energy release rates, have been based on either
crude analytical models (e.g. simple beam theory) or finite element simulations
whose numerical accuracy could not be adjudicated.

In this study, the fracture quantities K and G were obtained both by
solving the problem of an infinte orthotropic plate containing a kinked crack
exactly and by a finite element routine. A comparison 'between the exact and
the numerical solutions allows the finite element shap.. and mesh size to be
optimized to obtain the best results for this class of problems.

Having done so, the finite element routine is then used to simulate a
similar class of mixed-mode kink crack in notched finite plates, the specific
probiem being the off-axis unidirectional tensile coupon with double
side-notches. The finite element analysis must be employed because the
complex geometry of the test specimen would render an exact solution
impossible.

in the experiment, we have designed a specimen which is simple to test

and i1s versatile in geometrical variations. This provided some 28 mixed-mode

fracture conditions covering a wider range of G,)/G, ratios (from O to 2.5) than

previously investigated. Thus, a more definitive conclusion can be reached

regarding mixed-mode matrix crack propagation. Specifically, the test results

suggest that the total strain energy release rate Gy. is a good criterion for

mixed-mode matrix fracture in AS4-3501-06 graphite-epoxy composite.
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Uniaxial Fiber Reinforced Composites,” to be presented at the 1987 ASME WAM,
Boston.

(12] W.Binienda, F. Delale and A. S. D. Wang, “Strain Energy Release Rates for
Cracked Uniaxial Fiber Reinforced Composites,” in press

{13] A S. D. wWang, N. N. Kishore and C. A. Li, "A Three-dimensiona! Finite
Element Analysis of Delamination Growth in Composite Laminates: Part 2 The
Finite Element Code and User's Manual,” NADC-TR-84018-60, 1984.
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APPENDIX A

EXACT SOLUTION OF A KINKED CRACK IN AN ORTHOTROPIC PLATE
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EXACT SOLUTION OF A KINKED CRACK IN AN ORTHOTROPIC PLATE.

Introduction.

This appendix is concerned with fracture analysis of a kinked crack in an infinite elastic

orthotropic plate. It is assumed that the plate contains a through-thickness crack of
initial length L4, which makes an angle 6 with one of the principal direction of
orthotropy. When the plate is subjected to a far-field uniforn tensile stress normal to
the crack, the crack will kink and propagate self-similarly in the 6 direction. The resutt
is a kinked crack propagating in mixed modes, with the degree of modal mixture
dependent on the angle 6 and the ratio between the length of the kink, Lo, and the

length of the main crack, Ly.

To determine the parameters relevant to mixed-mode fracture at the tips of the kinked
crack, the problem is formulated in terms of singular integral equations with
generalized Cauchy kernels. The resulting system of equations are then cast in a form
suitable for numerical solution by a Gaussian quadrature and the collocation method.
Analytical expressions for the stress intensity factors, ky and kp, and the strain energy

release rate, Gy and G, at the tip of the kinked crack are also obtained in terms of

solution variables.

The problem is solved in the following manner. First, we consider an infinite plate that

contains two separate cracks as shown in Figure 1. Here, two sets of reference frames

are used to describe the two-crack geometry. Let the applied far-field stress o, be in
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\ ‘."
: the yo-direction, the base crack of length L4 be on the xs-axis, while the kink crack of ;
] ‘&
; I
length Lo be on xq-axis. The kink angle 6 refers to the angle between x4 and xs. The 3
two cracks will become one kinked crack if their approaching tips meet at the common .\
origin of the two reference frames. That is when xp and xg become zero in Figure 1. b
L

2 RERRREA
» :’
) "'
. S ¢
; :
s

=

) :.
l l 1 l l l l ‘.
=

ha

0O

‘ -
\ \
Figure 1. Two-Crack Configuration in an Infinite Plate Under Uniaxial Tension. 9

n
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The two-crack problem can be represented by the superposition of three individual .
parts, shown in Figure 2. The first part is the plate without any crack under the external 3

stress op. The second part is the plate with only the base crack of length Ly loaded by

uniform normal stress acting on the crack surfaces. The crack surface normal stress is -r

equal and opposite the stress that exists at the same location in the first part of the !

problem. The third part is the plate with only the inclined (kink) crack of .

=
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length Lo. Similarly, on the surfaces of the crack uniform rn. ma and shear stresses
are applied with their respective magnitude and sign equal and opposite to that
existing at the same location in the first problem. The last two pans of the problem are

known as the perturbation problems.

NRRERRA: BERRRRE

T, T,

-oosine cosB

+ %:Go cos?8

perturbation
problems

Figure 2. Method of Solution of the Crack Problem by Superposition of a Plate without
the Cracks Under Uniaxial Tension and Perturbation Problems Under
Negative Stress Imposed onto Crack Surface.
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Since the solution to the first part of the problem is trivial, w. are interested in solving

the two perturbation problems.

Section | treats the perturbation problem in which the inclined (kink) crack lies along
the principal axis (selected as the fiber direction) x4. The problem of the base crack

situated along xo-axis is treated in Section I.

Superposition of the two-part solution for the two-crack problem is treated in Section
Ill, where a set of singular integral equations are formuiated. In Section IV, we
descretize the singular integral equations suitable for solution by a numerical
collocation method. Expression for the stress intensity factors that exist at the four tips

of the two separate cracks are formulated in Section V.

The original problem of a kinked crack is treated in Section V' by employing the stress
field solution of the two-crack problem obtained earlier. Here, we let the two
approaching tips to meet at the common origin of the x4-y4 and xs-yo frames. In the
limit however, some of the kernels in the singular integral equations become singular
themselves. Conditions compatible to the new situation are then formulated, and the

resulting system of singular integral equations is obtained.

These equations can be discretized in a form suitable for solution by a similar
collocation method. Expressions for the kink tip stress intensity factors are thus
obtained. This is presented in Section VII. The definition of the normalized stress

intensity factors is given in Section VIIL.
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o
» Finally, expressions for the mixed-mode strain energy release rates are formulated in )
o Section IX.
2 :
. Formulation of the problem of the crack along x4.
J
) ]
3 For the inclined crack, which is situated along the principal direction x4, the stress field '.
is governed by the biharmonic equation: ;
4 4
bt J'F, a'F, 3'F, ]
N 2, +(22,,+ ) s +a,,— =0 (1.1)
, ax, X3y, ay, )
. !
- or
- q
¥ a'F, ; 2°F, ) .
(‘ + + = 0 1.
] 2.2.2 Y1 4
- X, 3,3y, 3y,
ke where
2 5 sl 5 _ 212 * 2 (1.3)
A o2y 2 222
i and
. 1 LT 1 1
. A, =— , A, ==, A, =—— . QA = ——
‘ M- E 1277 E, 2" 66 G,
4 ELL: ETT. GLT and v T are the engineering elastic constants for the orthotropic i’
material in its principal frame.
: Using Fourier transformation the stress function is defined as:
N o :
N 1 s :
Fi(x.¥, ¢ (s, y,)e ds (1.4)
'’ -
y :
14
g
L/ A6
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Substituting (1.4) into (1.2), we reduce the 4-th order Partial Differential Equation

(PDE) to 4-th order Ordinary Differential Equation (ODE) with constant coefficients as

follows: 4 2
de  ,de
B,—=2 B —3t+s & = (1.5)
dyl dY1

The solution of (1.5) may be written in the form:

(.)IS

2 (s.y,) = As) 1™+ B(s) ¢ PN C(s) e 4N D(s) €M (1.6)

where w;, wo are the roots of characteristic equation

B

4 _ 2 =
W' - B, w? +1=0 (1.7)

where itis assumedthat Re(w;) > 0 and Re(wo)>0.

By taking the exponetial behavior function for s — « the stress function becomes:

4

FXuyp) = 21—“ j [A M | g oMy o 1% g (1.8)
+e

Fy(X,¥7) = 51; [1ce®™ « pe¥FMje™™ g (1.9)

where A,B,C,D are functions of Fourier parameter "s" to be determined by the
boundary conditions. Note that superscript of y{ "+" stands for positive y4 and "-" for

negative yq.

It is known that stresses are the same on positive and negative face of the crack. This

can be stated in the following mathematical form:
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+ - ".:
,(x‘,o )= F,(x‘,O) (1.10) ;f
- v
y F(I,O) F(x ,0) (1.11) ;
"
Then, the stress function becomes: :"5.
I‘\'
4o -:
Fy D = ?1- [1A &M, ey o™ g5 (1.12) \
e N
e ';:
- 1 o Isly alsly . -isx, :
Fi(Xyy) = > [(Ac,+Bc,)e +(Acy-Be))e Je " 'ds (1.13) H
where ' o
w+w 2w 2w o
¢=-——2 (1.132) ¢=-——2= (113b)  ¢p=—— = (1.13) 2
w - w-w, 9, )
Thus, the crack surface stresses can be obtained from the stress function:
- 3
o= 3 57 [ Awte™ M, Buze ¥ M) e s (1.14) X
Y
-) 1 2, 5 w,lsh‘ 2 uzlsh‘ -isx‘ "
o = 2n S [“’1(AC1* Bc,)e + wz(Aca- Bc,)e e ids (1.15) ;
- o
ot = o [§ [aeTM L pend M) ¢ gs (1.16) i
- 3
o o
A
o) = zi fsz [(Ac, B )e ™ 4 (Acy- Be e @M1 ™ 1ds (1.17) X
n. =
Y,
.!~'
4o RS
- 2 Isly -osly, _-isx o~
o+ = — Is [ Ae “4EM, Be lJe 'ds (1.18)
W 2n ] o
4 NS
2 s| isx Y
o_(y&' _2ln_ S [(AC + Bcz)e ©lsly +(Acy- Be )e"‘zl \‘]e 1d (1.19) R
B f; |
\ -
A8 “N
®
e A e e e Y RN N N e

4
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A more convenient form for the above can be obtained in terms of the crack surface

displacement derivatives as unknowns :

f(xy) = 3_?<T[ u(x1'0+)' u(x‘,O')]

for x <Xy < X4
3 + - c
fz(xi) = &‘-[v(xl,o )-v(x1,0 )]

where u and v are shear and normal crack surface displacements respectively.
To relate the displacements and their derivatives, the material stress-strain relation

(Hooke's Law) is applied :

c)%= a11°xﬁ+ anch'yl (1.22)

=2,,0

+a
C o 2 20’

(1.23)

e W

Upon substitution of the expressions for stresses (1.14-1.17,, we obtain from (1.22),
the surface strains:

+
1 2 -asly’ 2 _-aisly’
c(":’)ﬁ =%Is {a) [ Aule e Bwze @)

-2, Ae ML Be ¥ M }e g

L oad

AL X Isty; 2 ajsly
t:(x‘))ﬁ =5 IS {a”[(ACI-r Bcz)w?e osly, (A, - Bc1)w2e i

-

-,,l(Ac,+ Be,)e N (Ac, - Be,) e M )e 1

4

1 2 2 - [sly; 2 -odslyy . -isx
c(;;)(fz—njs [Aa,,w;-2a,,)e +B(a,w,-2a,,)e e ds

-

NP « ’ i "n ! o o™ 0 W g W, Wy Ty P,
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rl
x
e 1 T2 @ylsly;
. - L Lad R4 |
3 o, = o [lAc+ Bea 02-a ) e
1 2 ogsly; _-isxq
:' +(Ac,- Be,)a,wp-2,,) e le 'ds (1.25)
35
¢ Then, the surface displacement derivatives in (1.20) become,
.
y ()
2 X —I|m -
- ALH) [t,(‘,‘1 ,ﬁx‘l (1.26)
o Similarly, by substituting (1.14-1.17) into (1.23) we obtain:
N
8] EY )
. 1 oy lslyy 2 ""z'SIY; -isx
. ‘y‘:’y1=§—Js [A@,,u-a,)e '+ Ba,ws-2a,)e Je 'ds
3 -
K
%) M -
) ) 1 olsly;
) E/,vaJS [(Ac,+ Be,)(a, 02 - 2,,)
: Wylslyy . -isx
+ (Acy - Bey)(a,w 2 a,,) e ds
By integrating the expressions for Ey1y1 with respect to y4, an expression for the
'E normal displacement v can be obtained:
s
) A@apwd-a,) -osly; B ) -oplsly;  -is
: Y+=;_Iz 1201 %) cOsy 1zz 2zezxe"1ds
'w1|5| -w2|S|
2
- 1 2 (AC + Bcz)(anw 322) ©4lsly;
- v =‘2"Is[ ©
: wls|
. 2
’ . (Acy- Bey)(ay,0; - azz)e wlslvy ]e"s’ﬁ ds
' w2‘5|
A10
:

-
\ '.‘\-‘F:'(-'-"..J'?l':'."‘-f-'.’.'.'.h \-I'-." ._'.’ ' “w . ’\‘.\'. ».'_\"\‘_ N v\{\" \’-._.‘ " a ."':. “u *>'\\ (\ AN LT e \)\. L A S N ) _\-_\
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Now we ditrerentiate v with respect to x4 and obtain

-3y 2 .
2L e B
ax, 2nl |s| w,

1

B(a,,w,-2,,) -e,isly; -1
. 12 z 22) oW " 4
W,

- 2
v -1 J s’ [ (ACy+ BS)(@ 5w, - 35)  wiislyy

JX1 n Is| w, ’

2
(ACy-Be)(@,w;-3,)) wisly; 15
. e e ds

@2

Substituting (1.24) and (1 25) into (1.26), and (1.27-1.28) into (1.21), we obtain:

Y]

1 (2], -wlsy; ©lslyy 2
fi(x)) = \I:rt\.og Js {[A e -(Ac,+Bc,)e (a,wi-2a,,) +
1 -

-0, Isly, @, |sly; -1s
+[Be “ 7' (Ac,-Bee ! ‘](a“wg-a,z)}e " s

@, lslyy @ lsly,
1S “ '+(Ac‘+Bc2)e' '
t(x,) = lim -—J {

y‘—bO -

(a
g " 12

-0, Isly; W, slyy
e ? 1+(A<:3- Bc,)ez ! 2 } -isxy
- das
* (2507 2p,)f @
w2

2
— w?-a..)+
2n L zz)

or

f(x,) = ;—ﬂjs [(A- Ac, - B,)(@,,w’-a,,)

2 -IS)(1
+(B-Acy ¢+ Be)a, w,-2;,)]e ds

L L 'I s “n '.( "I") 'r e Vo . .- PR Sy N TR R ()

A N

(1.27)

(1.28)

(1.29)

(1.30)

(1.31)
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2

f(X,) = .1_].' s’ (A +Ac, + Boy)(a,wy-ay)
25V 2n ] s ©

> 1

2
B+Ac,-Bc a0, -2 ¥
+( 3 1)( 1272 zz)]e""n ds

w,

(1.32)

Upon substitution in (1.31-1.32) for ¢4, c2, c3 from (1.13 a-c), the following is

obtained: -
fx) = — [25%, (Aw +B g (1.33)
(X = >n ) %8 2,,(Aw,+ Bw,)(w,+w,) e S .
-1 v i83 w o, -is>‘<1
fz()(1) = 3-; J 2 —|S—|- azz(A + B) -E— e ds (1.34)
> 1 2
The inverse Fourier transformation of (1.33) and (1.34) gives:
X .
1 ist,
Aw +Bw, = 2 Jfl( tye "dy
L 22 (w,+w,)s X
ww t
A+p= B 12 fr(tye ' dt,
is 2322((»1 + wz)
with A and B taking the forms:
1 1 N ist |S| w w? A ist
A= [retye " at 12 f(t)e 'dt,  (1.35)
2, 2 2, )\ 1 35 2 2, )2\ 1
s 22 (wy-w;) » is” 28wy - wy) »
-1 1 h ist Is| w w? " ist
B=L F(t)ye 'dt 2 [rtye ' o (1.36)
2 2 2 ) W 1 3, 2, J 2\ 1
S 2ay,(wy - wy) Is” 2ap,(wy - wp) 5

Equations (1.35) and (1.36) can be substituted in (1.14), (1.16), (1.18) such that the
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crack surface stresses are expressed in terms of {q, fo. After i. .tegrating with respect to

"s" and applying:

a
22
W22 = —=

these stresses of the perturbed problem are obtained as:

) 3
s = 1 I fiEy) wyyy + B (Y - X)) o,
B 22 2
X% 2n(wi-w:) 241 % WY, + & -x)
3
f(E ) oy, + B(H) (- X)) v,
- 2 2 3 }dt1 (1.37)
w.Y, +(t, -X‘)
& - %,
xa () @y, +6(L)
o, . = - I 1
i 2n(w2-w§)a” % wfyf +(tl-x1)z
-X'
Lt oy, + (L)
- ®2 dt1 (1.38)
w1y1 +(t1-X1)
X
= 1 J f(t) oy (-xy) - B(L) ey,
- 2 2 2
M 2n(eg-w)ay wlys + (8- x,)
- f(L) 0, (8- X)) - B(L) w5, }dt (1.39)
| .

2 2 2
wyyy + (4 - X))

A13
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Il. Formulation of the problem of the crack along x». t
N
.{
i For the horizontal crack, which is situated in the xo-y» frame and is making the angle b
b ~','
6 with the direction of fibers, the governing field equation is a general biharmenic ;?,
\d
equation for anisotropic materials in the form:
;
4 4 4
; 2", F, 2'F, o'F, 2",
4 by =3 = 2y 37— * (Dyp*beg) —5—7 - Dy TPy —=0 @Y 5
X, 3X, 3y, ax, 3y, 3,3y, 3y, ;
-~
X
y ,
{ where ) , ) ) )
by =2,,C08 8 +(2a,,+ag)sin B cos B + a,,sin 8 2
. 4 2 2 q )
b,, =2,,5in B +(22,,+24)sin 8cos B + 2,,cos 8
N .2 2 -
; b, = a,, +(2,,+2,,- 2a,,-a,)sin Bcos B =
- 2 2 -
Y e = g6 + (241+ @,, - 22, - 3(()Sin B cos 8 -
2 2 1 )
' be=[a,,5in 8 -2a,cos8 + E(Za‘2+ age)coc 28] sin28 2
2 2 1 . o~
b,g=[a,,c08 8 - a;,sin' 8 - 5(2a,2+ 2gc)c0s28]sin26 ':::
Let's define: ,l_:_
;_.
B = ey 8, = 204+ Dgg B, = 2Dy6 B, = by (2.2) E
1--——: = 3—-__—I 4__1 . .
by, 2 b2 b2 by, y
e
-
and after substitution of (2.2) into (2.1), the 4-th order PDE is reduced as follows: I~
--N
¢
‘A
q 4 4 4
'F,  o'F, a'F, o'f, 'R, '
a4*'31 LA L a_3+|3484=0 (23) o
X, X, 3y, ax, 3y, ax, 3y, Y, g
),
Assume the solution for the stress function Fo in the following form: J
z
e
A14 “_\
)
-.\
N
e "f‘#’f:'f*f‘ff‘.r b Pl P, O T A S A ARSI _'._‘_.\;:
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; 1 4 .
e -
F oy ¥2) = 5 jk_l Cs)e’Ce © ds (2.4)
X then, the following characteristic equation is obtained by substituting (2.4) into (2.3):
!
[}
| Byr' - iByr - Brt +iBre1 =0 (2.5)
The roots of (2.5) are of the general form:
R r,=a+ib; r2=c+id;
o o (2.6)
ry=-a+ib; ry=-c+id;
where a,c > 0is assumed.
_ Thus, forys > 0, the stress function Fo can be written as:
| 1 ‘ (a+b) (c4id) i
+ aHbly,s cHdly,s  -IX. S
Fz(xz,y2)=£{ﬁc1e +Cie  Fle “ds
T (i) (csidlys -
-aHb)y. <Hd)y. -
+ I[Cze zs+04e zs]exzsds } (2.7)
0
Define new constants as follow:
C,ifs<0 C, ifs<0
=1 1 _ )= 3 2.9
1 AB) {Czifs>0 (28 B) {c4|rs>o (29)
then (2.7) becomes:
T eslpeiby; iy eidys -
- 8jsly, +iby. -¢lsly, +1dy, -
Fz(xz'y;)z'zl,IJ[Ae 2t ge e s (2.10)

>

A15
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Similarly, for y» <0, we have:
; (-asib) (cd) i
- 1 a+b)y,s <HAlY,s = -GS
Fz(xz,y2)=%{ J[Cze +C,e l]e " ds
T (asd) (oS -
aH CH d}
v fice T ec,e T e s } (211)
0

We then define the following constants:

c Cpits<0 ., o JCats<0
®= C, if $>0 (212) h c,its>a &1

and (2.11) becomes:

4 . . - .
- 1 osly, +iby,s clsly, +idy,s  -ixgs
Fo(x,, Vz)=§;{h Ce ¢ +De ¢ ¢ je ds (2.14)

-a

Since the stresses are the same on the positive and negative face of the crack we can

state:
Fyx,, 07) = Fy(x,, 07) (2.15)
] + d -
Vz FZ(XZ' 0 ) = ?y-z— FZ(XZ' 0 ) (2.1€)

Satistying the above conditions, the stress functions (2.10) and (2.14)

become respectively:

e
-a|sly; +iby; -¢lsly; +idyls i
L J[Ae AR S AN Je 2 s (2.17)

+
Fz(xz:yz =%

-

A16

ot LA
Syt d T




p PN

- (SR e

=

NADC-87133-60

L o

- 1 ssly, +iby,s
F ol ¥p) = 5 [is,a+ 5,8y 6™

L +idy,s =i
+ (S;A+S,B) eclsle z‘]e "2st

where

_s](c +a) +is(d-b)
17 Js|(c-a) +is(d-Db)

2¢|s|

-2als|
3" lc-a)+is(d-b)’

-Is[(c +a) +is(d-b)

; (2.19a) S

; (21%) S, =

S2= Is|(c-a)+is(d-b)’ Isj(c-a)+is(d-b)

(2.18)

; (2.19¢)

; (2.19d)

The second derivatives of the stress function give us the crack surface

stresses:
17 - aisly; +ib
+ _1 2 vz +ibyjs
ol =5 I[A( -ajs| + ibs)?e
- d
+ B(-cs| + ids)’e el yzs]e " g
17 aislyy +ib
() =_J z Yz+| st
O, =2 [(S,A + S,B)(a|s| + ibs)"e
clsly, +idy,s  -i
+(S,A + S Bcls| +ids)Pe 2T T 1 g
1 [2,, elivyeiy] Ily+idyis i
@ _-1 (2 ~o{slyy +iby}s -clslyp +idyps  -ixs
Vg~ 2n[s (Ae +Be le
17 aislyp +by;
(_) _.— 2 $yz+l yzs
o =5 ['1(SA+5,B)e

clsly, +idy,s ] e-ixzs

+(S,A+SB)e ds

A17

ds

(2.20)

(2.22)

(2.23)
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Y
9 2 [istac _ -eslyy+ibyps
=2 | s [ACals] s e
-clslys +idy5s  -i
+Bclsf+ids)e T e ¢ ds (2.24)
i slsly, +iby,
) —LJ ) sly, +iby,s
11><zvz‘ 5 ) ISI(S4A + S,B)als| + bs) e

.

‘ | - -d - -o
+(SyA + S B)cls| +ids)e T E T Je % ds (2.25)

Similarly, as in Section [, the discontinuity at the crack is expressed as a

set of crack surface derivatives:

3 -
fa( Xp) = 5= U(Xy, 0%) - u(x,, 0] (2.26)
2 for X, < X, < X,

(%) = a—a><2'[ ¥(X, 0%) - ¥(x,, 0] (2.27)

The stress-strain relations (Hooke's Law) in the xp-yo frame are:

b
b

g = P11 * L1y, *
b

+b

160y,

“vave T C12%q * P20y, T P28y,
Upon substitution of the expressions for stresses (2.20-2.25) into Hooke's

Law, the surface strains are obtained. Then, integrating the Epy2 With
respect to yp, an expression for the normal displacements is obtained,
which is differentiated with respect to xp and substituted into (2.27). The
expression for eyoyo can be directly substituted .5 (2.26). Finally the

following expressions are obtained:
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e

1 Y- Lo\2 Co\2
fa(x2)=—2—€Ib,,{A[(-als]nbs) - S,(als] + ibs)” - S,(cls| + ids) ] +

B[(-c|s| +ids)? - S (als] « bs)’ - S (cls] +ids)’ ]} e Cas  (228)

1 +“3 ] 1 S s, 1
f(x,)==|is,, 4 A . LI 3
%) 2nJ_ 2 17| -als[+bs ~ als|+ bs cls +ids *
[ ]
S S -i
B 1 _ . z_ . _4 ] e s (2.29)
| =C|s|+ids a|s|+ibs s|s|+ Ids 1

The inverse Fourier transformation of (2.28-2.29) gives:

’$ istz
AP,+BP, = Ifa(tz)e o,
%
(2.30)
% .
ISlz
AP+ BP, = [f(tye
%
from which we find that:
P, ® ist, P, 1 ® istzd 2 3
A=p,p4-pzpajf3(t2)e % - p,p4-p2P3EIf4(t2)e % (2:31)
X X
-ps )s IS(Z p‘ 1 “r istzd 2 32
B'p,pq-pzpajfs(r?)e 5P 9293EI4(5)9 % (2.32)
X %
A19
T
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93 \
B 3
N where .
o 2 2
“ P,=s 015 P2=s 02; P3=sQJ; P4=504;
» and .
Ql=2b,[a(a+c)-ia(b-d for s>0
1 nla@+c)-ia(b-d) (2.33)
Q,=2b,,Ja(a+c)+ia(b-d) for s<0
- Qy=2b,[c(a+c)+ia(>-d)]  for s>0 :
- . (2.34) N,
! Q,=2b[c(a+c)-ia(b-d) for s<0
o
o
W - -
- Q; 22[(db - dt- ac) + |(cb + ad)] b,, for >0
X @ +b)c" + o)
) ' (2.35) 3
\ O; 2a[(d + c - db+ac) + |(cb + ad)] b,, for  &<0 :
: @+ ') ¢ )
. ,
ij O:= - 2c[(a + b -db + ac) + |(cb + ad)] b,, for s>0
: (a® + b7 + &)
- (2.36)
X O; - 2¢[(db - a b - ac) + |(cb + ad)] b,, for s<0 :
- (a +b)(<: +d) -
N N
> Substituting the above for A and B into (2.20), (2.22) and (2.24) the stress )
field is obtained : .
» )Ryl Balft)- Ry slh)
5 - 1_ J tZ t2 34 t2 a3 tZ -
e 2n yz(aﬂb) (G Xp) | Yy(c+id) +1(G- x,) ;
. R f(t)-R,f R,f(t)-R,f e
4 L3505 Aol Ry fd) s 5(%) d, (2.37)
y,(a-ib) - |(t2- xz) yz(c-ld) - (G- xz)
. A20
‘

............
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1_}"[ Ry -Rigfull) | Rusfalt) Ryt

Ovy,~ on Yo(@+b) +i(t-X,) * y(c+id) +(G- X,)

Rtafa(tz) “Riafe(®) Rlsfq(tz) Rigfa(t) &,
Yz(a ib) - i(t,- Xz) y,(c-id) - it~ x,)

(2.38)

_1 J
o2~ 2n
X

Y (a+ib) +i(t,- x,)

*»
Ry7fa(t) - Ryafa(t) I:*wf«(':z) Raofa(t)
yz(c+|d) +i(5- )

yz(a ib) - i(t,- xz) y,(c-id) - i(%- x,)

R,4f3(4) - Ry fy(L,) Rzaf4(tz) R24fa(t2)] (2.39)

where R's are coefficients in the form:

Q Q
R,=— (a+ ib)% Ry=—(c +id);
Q; Q;
- +
iQ Q 2
Rz=‘—_2(a+ib)2; Rs"’_:('a*'b)5
S 05
- RS A
iQ iQ o, :
Ry =-—(c + i)} Rg=-—=(-a+ b’ ;
- Q
OS S _‘:
Q] 2 O; 2
R7=-—+'(-<:+id); R,-—;(-cud) s ::
o : :
3
- - IR |
4. o
R9=-—f,' Ri3=- +’ 4
5 Qs

A 21
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Q. oM
O' +
5 S
Q, Qg
R, =—(a+ib); Ryy=—(-a+ib);
05 Os
Q; Q
Ryg=—=(a +ib); R =y 2 v ),
5 S
- +
. 1 -
Ryg=—(c +id); szg(‘c“'d):
S S
o o
R20=O—_(c +id) ; RZ4=—+(-c+|d);

S OS

Note that the stresses in the first problem (1.37-1.39) can be written in the form

analogous to those in the second problem (2.37-2.38):

1 T TRt -T, () R T3h) - T fi(4)
%% = EEX‘ Yo+ i) Y@y it X,)

(2.40)

Ts f,(t,) i} Te fz(t,) T7 r2(t1) ) Ts rl(tl) '
+ - + - &,
Y w,- |(t,- xl) YW, - l(t,- "1) :

A 22
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»
’ 1 T Tori(tl)'Ttorz(t1)+T11f2(t1)'T12f1(t1)
. (o} = . R
o “Wi 2n y 0+ i(t- X,) y,w, +i(t; - X,)
N
; TF0)-T, L&) T.Lt)-T. F(t
| L1 1(1). 142(1)+ 152(1)‘ 16/1(t) &, (2.41)
N ACTRE CR ) Y@z - iy - Xy)
[ 1 )r Tyaf(6) - Tygha(ty) . Tiaf(t) - Toofs(4)
- Sam T Zn Y@+ it xy) Y@y + ity - Xy)
o
’ ‘
' T,,f () - T, 0t T,.6t) - T, f.(t
;o , 2! i 1). 22( 1)+ 237 1)- 2411(t) dt, (2.42)
v ACTR CRa.) Y10z - iy - Xy)
where
-
‘ T =T “ T,=T, =T, =T 1 ;
15 5= ’ 9% "3= 112" M6 T '
Xwi-wpa“ dwi—w?a”
mx -i
T,=Tg= ; “Tyo=Ty=— '
2= s ;
. Awi-wla,, oM 20 (-wd)a,,
: T w; T,=T |
- T=Tg= ; = s = :
" a8 2(mi-w2)a” 2m2(wi-w§)a”
-, iwz
: T,=T,=
> 3= 17
- Z(wz-wi)a“
g -ml -lw,
T —T = 'T 'T = ’
7O 2w w?)a,, 2 2w -uwhay,
Toa=T,,=Ty=T ! ;
187 1227 "19® '23® ’
Z(w";-wz)a“ %
A
. A 23 3
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lil.  Generation of integral equations.

By superposition of stresses from the two problems, we obtain solutions for a plate with

‘l"x -{-‘.-' Crp il

two cracks. Thus, we proceed with the coordinate transformation in order to express

| i;-

the total stresses in one common coordinate system. If the total stresses are expressed

in x1-yq coordinate system, the transformation is given by:

X, =X, €os8 -y, sinB

3.1
y, =X, sin + y, cosB @)

and the stresses of the second problem, when expressed in x{-y{ system are given

by:
o + C c -0
% Y2Y2 22  YV2 ; )
’ = 3.2 \.
Ol x 5 + 5 cos28 + rxzyzsm26 (3.2) 3
c + 0 c -c X
L 2% YV X% Y% ) - &
Oy, = 5 5 cos28 txzyzsmze (3.3) % -
(23 -0 ‘:;
. « TR i/ P¥
Ty, = 5 sin28 «+ rxzyzcosza (3.4)

and the total stresses are given by: ‘

D LN

ey

6! =6 + 6’ 2
.

X% % X o
: ’

= + 6’ s

vy = vy, * Oy, (3.4a)

T ,
T =1 + T
XYy X% XY

Similarly, if the total stresses are expressed in xo-yo coordii..te, the transformation is

given by: '
X, = X,C088 + Y, slna

(3.5)

Yy =-X,sin8 + y, cosB

r e
I‘f‘. o ..r

%
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and the transformed stresses of the first problem, when exprassed in x>-yo are given
i %% % %y O
1N 171 ;
- co - .
c 5 + > s28 T‘V‘SInZB (3.6)
c + 0 c._-GC
PR [ IR B [ IR 14 .
GYsz 3 3 cos208 + rxmsmze (3.7)
o._-¢0C
el (A1
szyz — sin28 + rx‘y‘cosze (3.8)

Thus, the total stresses in xo-yo system are:
6 =o + 0
e P2 2%
T

= -+ !
cyzyz UYzyz cVzYz (3.8a)

T
T, =T + T
Y2 %2 Y2

Consequently, the transformed stresses of the seccnd problem, when

expressed in x1-y1 frame, (3.2) to (3.4) have the form:

1 )f[ H, (&) + H, ()

%= 2m (X,SinB + y,cos8)(a + ib) + i(t, - X,c0s8 +Y,sing)
X

Hy f(G) + Hyf()

+
(x,8inB +y,cosB)(c +id) + i(t, - x,cosB +y,sinB)

. Hs F3(5) + Hg (%)
(x,sinB +y,cosB)(a - b) - i(t, - x,cosB +y,sinb)

, Hy ) + Hy () i
(x,5inB + y,cosB)(c - id) - i(t, - x,cosB +y,sinB) 2 (39)
A 25
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where
1 .
H, = —2—[ R, + Rg + (R, - Ry)cos28 + 2R ,sin26 ]
1 .
H,=- 5[ R, +Ryg+ (R, - Ry )c0s28 + 2R ;sin26 |
1 1 :
; Hy=- 5[ Ry + R+ (Ry- Ry, )c0s28 + 2R, sin28 |
1 .
| Hy= 5[ Ry + Ry +(R; - Ry, )cos28 + 2R, sin28 |
' 1 .
Hg = -2-[ Rs + Ry3+(Rg- Ry;)cos28 + 2R, sin28 |
1 .
He = - 5[ Rg + Ry4* (Rg - R, )cos28 + 2R, 818 |
1 .
H, =- 3[ Rg + Rg* (Rg - Ryg)cos28 + 2R, sin28 )
1 .
r Hg =—2-[ R; + Rys* (Ry - Ry5)c0s28 + 2R,,sin26 |
and
' 1 h Ho f3(5) + Higlb)
Sy~ 2n J (X,Sin8 +y, cosB)a + ib) + (Y, - x,c0s8 +y sing)

Hyyf36) + Hy )

+
(x4SInB +y,cosB)(c +id) + (%, - x,c088 + Yy sing)

(3.10)
Hyafa(t) + Hifyb)

BRI
LA s, 00
. g 2 8

* N
(x,Sin8 + y,cosB)(a - b) - i(t, - x,cos8 +y,singd) ,xg
e
A

+ Hisfalt) + Hyefo(b) &, o
(X,SinB +y,cosB)(¢ - id) - i(t, - x,cosB +y,sinG) *;”
A 26 .-
e

e

~

e
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where
Hy = %[ R, + Ry - (R, - Ry)c0s28 - 2R ,sin28 ]
Hig=+ 31 Ry + Ry~ (R, - Ryq)cos28 - 2R, ,sin28 |

1 :
H,,=- 5[ R4+ Ry~ (Ry- Ry,)c0s28 - 2R, sin286 ]

1 .
H,,= 3[ R; + Ry -(R;- Ry )c0s26 - 2R,,sin28 |

AL T SOV OO CAREY T Y O T L e

1 .
H;= 3[ Rg + Ry3- (Rs - Ry;)c0s28 - 2R, sin286 |
1
Hyg=- 5[ Re + R4~ (Rg - Ryq)cos28 - 2R,,vn28 |
1 .
H,s=- _2.[ Rg + Ryg~ (Rg - Ryg)cos28 - 2R, sin26 ]

1 .
H1s=‘2'[ R; + Rys+ (R, - Ry5)c0s28 + 2R,,sin26 |

and

1 ?[ HypF3(5) +Higf()

T>'<|V1 " 2n (X,5inB +y,cosB)(a + ib) + i(t, - x,c0sB +y,sing)

. Higfa(l) + Haofe(t)
(x,sinB +y,cosB)(c + id) + ik, - x,c088 +y,sinB)

(3.11)
Hy f3(6) + Hyofy(b)

i (x;sinB +y,cosB)(a - b) - it, - x,cos8 +y,sinB)

fo 4

rd

Hyafi(G) +Hyufl(h) ]

+
(x,sinB +y cosB)(c - id) - it, - x,cos8 +y,sinB)

A 27
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AN

where

‘ 1 .
" H,, = -2-{(99 - R,)sin28 + 2R ,cos28]

P ) v'w‘(‘(..‘ T

1 .
Hig = —2-{(1112 - R,0)sin28 - 2R, cos28]

1 ,
H19=—2{(R4- R,,)sin28 - 2R,,cos28]

1 . %

H,o= 5{(911 - R,)sin26 + 2R,,c0s28] R
*w

Hyy = 5i(Ryy - Re)sin28 + 2R, cos28)] -
N

H22=%{(Rs- R,,)sin26 - 2R,,c0s26] 4 =
%

H,, = %{(Ra - Ry)sin268 - 2R, cos208] -
2

1 i

Hyq= 51(Rys - Ry)sin2 + 2R,;cos28 | 5
]

[

4 5
S

Similarly, the transformed stresses of the first problem, when expressed in x5-yo

frame, (3.6) to (3.8) have the form:

SRS S,
o _K_&

) -

- G, f,(t,) + G, 6(t,) ’:
0" 2n x{ (-X,SinB +y,c088)w, + i(t, - X,c0s6 - ¥,Sin6) o
s

G; fi(ty) + Gyt i

+ N
(-X,SiN8 +y,co8B)w, + i(t, - X,c088 - ¥,sin8) \’

t

. Gg fi(t,) + Gghlty) (3.12) W
(-xzsine +y,€088)w, - it - xzcose - ¥,5inB) ;':
G,1,(t,) + Gy hytt,) A

+ . - — — dt‘ ._
(-X,SinB +y,cos8)w, - i(t, - X,c0s8 - ;,SING) =

PP TROF I SRV YL UYL R ) e WY AT A Y
T P R PR R PRI Y -J“J""'-t’,.f'-l'.c"--l"-’_--' '_..,\--.-. . - . - g g . .
_\{~{\{~fn‘lf.."-h.‘_‘\.’b.’.‘!‘a(;hﬁ A A i
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where
G, = %[ T, + Ty +(T,-Tg)cos28 - 2T,sin28 ]
1 .
Gz = '3”2 +Tiot (T2 - Tw)cosze - 2T“smze]
Gy =5 Ty+ Tyy + (T~ Ty,)c0828 - 2T,gsin26 |
Gy=5[Ty+ Tyy +(Ty~ Tyy)c0s28 - 2T,sin28 |
Gy =51 Tg + Tpy + (Ty - Ty5)c0828 - 2T, sin28 |
Ggm - 51 Ty + Tyq# (T~ T, 0528~ 2T £in26 |
Gy =3 Ty + Tyg + (Ty~ Tyg)c0s28 - 2T, 5in28
Gy = 5Ty + Tyg + (Ty T;5)c0528 - 2T,;sin2e |
and
, 1 A Gg fity) + Gyoh (%)
vy, 2n J (-X,SInB +y,cosB)w, + i(t, - x,c0s8 - y,sinB)
X

Gy, fi(4) +Giht)
(-X,$inB +y,cosB)w, + i(t, - X,c088 - y,sin6)

+

3.13
Gy, fi) + Gy () (3.13)

(-x,SinB +y,cosB)w, - i(t, - x,c0s8 - y,sinB)

G, f(t) +Gi )
151\ 16 2\ 1 dt‘

+
(-x,SIn8 +y,cosB)w, - it - X,c088 - y,sinB)

-+
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where G, = .12.[ T, +T, = (T, - T)cos28 +2T,;sin28 ] ;
‘
1 :
Go="- 3[ Ty + Tyg = (Ty- T o)c0s28 + 2T, .sin26)
’
1 : :
Gyy=- 5[ Tyt Tyip = (T4~ Ty,)c0s20 +2T,,5in28 | :
Gp=3 [T + Ty = (T, - T,,)cos28 + 2T, sin26 | e
Gyy= T?-[ Ts + Tyq - (Tg - T5)c0s28 +2T,,5in28 ] L_
f
1 . 3
G,4=--2—[T6 + T 4~ (Tg- T, )cos28 +2T2‘S|n28]
1 . .
G1s="2‘[Ta +Tye -(Ts-T‘s)c0528+2T245m28] ._'
1 | :
=5 [T; + Tys = (T; - Ty5)cos28 + 2T,,sin26 | B
e
and %
' 1 T Gyafi(t) + Gygh(t) ':
szyz T 2n (-X,$in8 +y,cosB)w, +i(t, - X,c0s8 - y,sinb) i
xc _:'.
N Gig %)) + Gpofalty) ,‘
(-X,SinB +y,cosB)w, + i(t, - x,c080 - y,sinB) o
}_
. G, f,(t) +G,,h(,) (3.14) ;‘._;.
(-X,$iNB +y,C0sB)w, = it - X,c0s8 - y,SinB) :"
. Gy, fy(t)) +Gyh(t,) o i
(-X,SinB +y,cosB)w, - it - X,c088 - y,sin6) § 3
1 »
where Gy; = 5[(T, - Ty)sin28 + 2T ,cos26] ]
1 . . 3
Gy = EI(Tio - T,)sin28 - 2T,,cos26 | -~
]
1 . =
G = 5[(T12 -T,)sin28 - 2T,,cos26 ] ‘::;:'.
';;'
A 30 A
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G,, = 12-[(T3 - T,p)8in28 + 2T, cos28 ]
G, = %[(Ts - T,;)sin28 + 2T,,cos26 ]
G,,= -12-[(T' 4~ T¢)sin28 - 2T,,cos28]
Gy, = —;-[(Tw - Ty)sin28 - 2T, ,cos28 |
G,y = % [(T; - T,5)sin28 + 2T,,cos28]

So, the total stress field for the infinite plate with two cracks is expressed by the stress

components either expressed in x4-y4 frame:

T 1 T T, fl(t1)‘Tzrz(tl)+T3fz(t1)’T4r1(t1)
Dy 22 T O A TRy O

. Ts f1(t1) ) Ts fz(tl) ' T7 l‘z(t1) ) Ts f‘(t1) dt
Yy, - ity X,) Yy, - it~ X,) !

1 b H (G) + H M (®)
%)

(X;sin8 +y,cosB)(a + ib) + i(t, - x,cosB +y,sinB)

Hy (&) + H f() (3:19)
(x,sinB +y,cosB)(c +id) + i(t, - x,cosB +Yy,sinBd)

Hg f,(6) + Hg f, (L)

* (x,SinB +y,cosB)(a - b) - it, - x‘cosé +Yy,sing)

* (x,5in8 +y,cosB)(c - i) - (G, - X,C08B +y,sinG

Hy ((5) + Hy ((b) 4
) b
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T 1 )r Tofi(6) - Thofo(ty) . Taafat) - Tiafi(Y)
% Y w,+ i(ty- X,) yw, + it - X,)

R T13f1(t|) B T14rz(t1) . TlSrZ(tl) B T16f1(t1) dt
Y@, - i(t1 - "1) Y0, - i(t‘ - x‘) !

" 2n) | (x,sin8 +y,cosB)(a + ib) + i(t, - X,c0s8 +y,sing)

1 ]“[ Hy f3(5) + Hyofy(t)
e

+ H”fs(t‘,) + H|2f4(tz) (3.16)
(x,5in8 +y,cosB)(c + id) + i(t, - X,c0s8 +y,sinb)

HafaG) + Hifo)

' (x,SinB +y,cosB)(a - ib) - i(t, - x,cosB +y,sinB)

+

(X,sinB +y cosB)(c - id) - i(t, - x,cos8 + y sinB)

Hysfa(6) + Higf(h) ] o,
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Y

T 1 T T17f1(t1) } Tl8r2(tl) . Tlsrz(t1) ) Tzort(t1) 5
% y W+ i(t- X,) Y@, + ity - X,)

. T21f1(t1) ) Tzzfz(t1) R Tz:;rz(t1) B T24f|(t|) dt
Y@, - ity - X,) Y, 0, - it, - X,) !

l“.;‘)"."",’ A

(x,sinB +y,cosB)(a + ib) + i(t, - x,cos8 +y,sin6)

1_?[ Hypf3(G) +Hypf(%)
X3

(3.17)
Hgf3(t) + Hypfe(®)

(X,5in8 +y,cosB)(¢ + id) + i(t, - X,c088 + y,sing)

+

heY -
“» 7] {". " '\-'\-

A E gt

1 d

Ha1f5(G) + Haofolt)
(x,sinB +y,cosB)(a - ib) - i(t, - x,cosB +y,sing)

w58
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+

Hys f3(5) +H,,f() ] ot

(X,Sin8 +y,cosB)(c - id) - i(t, - x,cos8 +y,sinB)

or the xo-yp frame:
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:

%%

% P T Ry ) - Ry fy) Ry fl) - Rty

> L an‘ Y,(a+D) +i(G-X,) Y (c+id) +i(5,- X,)

0w

~:’; X Rs f3() - R f(L) . Ry () - Rg f3(%) o,

3 Y,(aB) - (LX) Yo(C-id) - (G- X,)

A

& g G, f,(t,) + G, h,(t,)

?_’.ﬁ * EEJ (-X,SInB +y,cosB)w, + i(t, - X,c088 - y,<ind)

A«:

) 3.18
d . G, i) + Gh(L) 319)

] _; (-X,Sin8 +y,cosB)w, + i(t, - X,c0s8 - y,sing)

s

:; Gs fy(Y) + Ggfa(t,)

+
(-X,SinB +y,cosB)w, - it - X,cos8 - y,sind)

G,f(t) + G, )
71\ 8 2\ dt|

+

(-X,SinB +y,cosB)w, - i(t, - x,cos8 - y,sinB)

'I'.‘ g % .".":’ l.\]“lﬁ;‘l
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T 1 T Rgrs(tz)'ntoQ(E)*Rnfnt(tz)‘Ruzfs(tz)
“vare" 20 ) | V,(av) +iG %) * Y (c+id) +i(G- Xy)

. Rn’a(tz) 'Rmrq(tz) R F‘15"-1“2) 'Riofs(tz) d
y (a-b) - i(- %)  y,(c-id) - it,- X,)

] ’I" Gy f,(t) + G, ht,)
+ R . .
2nx‘ (-X,8InB +y,cosB)w, + i(t, - X,c088 - y,SinB) (3.19)
. Gy, fity) +Gyoh()
(-X,SInB +y,cosB)w, + i(t, - X,c0s8 - y,sinB)
. Gy3fi(Gy) + Gy G()
(-x,8in8 +y,cosB)w, - i(t, - X,c0s8 - y,sing)
. Gysfi(t) +Gyefl) &
(-X,SINB +y,C08B)w, = i(t, - X,c0SB - ¥,SinB) !
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T _J [ 173 -RygfdR)  Rygflf) - Ry

ST yo(a+) +|(t2- X,) " Yp(c+id) +i(t- X,)

R21"302) Roafab) Rza f{&) -Rodfs(®) d
V@) G Xy)  YAed) - K %y)

2n (-X,SIn8 +y,cosB)w, + i(t, - X,c0s0 - y,sind)

1 T[ Gypfi(ty) +Gigl(Ly)
X (3.20)
Gyg fy(ty) +Gpoft)
(-X,SInB +y,cosB)w, + i(t, - X,c086 -'y,sinB)

+

Gy, fy(t,) +Gpyhylty)

(-X,SIn8 +y,cosB)w, ~ it, - x,c0s6 - y,sinBd)

G,y fy(ty) +Gpfi(ty)
dt,

+

+

(-X,SinB +y,cosB)w, - i(t, - X,c0s6 - ¥,sin6)

In the stresses (3.15-3.17) or (3.18-3.20), there are four unknown functions {4, fo, 3, f4

which must be determined from the appropriate boundary conditions for this problem.

Since the plate is under uniaxial tension oy, for the crack lying on xo (xg3 < X2 < Xp)

we have: T
Oy, ™" o (3.21)

T
Ty, ™ O (3.22)

And, for the crack lyingon x4 (Xc <X <Xg) we have:

T 2
Sy, = %0 cos 8 (3.23)
T g, si 3.24
Ty, =% sinB cosB (3.24)
A 36
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and normalizing the variables x

and

i} (X X X+ X,
2 2
y _sz(xb-x‘) Xp * X
2 2 2
X, - X
dy=—25tdy,  -1<rys, <!
and
_‘1("4"‘.:) Xg+ X,
1 2 2
Sy(Xg-X)  Xg*+ X,
“=T2 2
X, - X
dt, = d2 cd‘t1 -1<1,8,<1

a set of Cauchy type singular integral equations is obtained as follows:

1 fa(ty) ( 1 2
Cpp | - ldt + [ Kyt dn, + [ Ky fr) dy, = - 04 cos’0
T, -5
-1 -1 -1
: fa(v4) 1 1 :
Cyy [ Fdr, + | Ky fy(r) 0, + [ Kyqflr) o, = - o sing cose
1. -8
-1 1 T -1 -1
1 1 1
(1)) fd(%)
W) 4%
Ca dr, + Cyq dr, + IKatfl("t)dTl * IKaz f(ty) dty = -0,
125 1% A X
1 1 1 1
(1) fi(%)
AN %
Cas P d, + Cyq s dr, + JK« fi(ty) dy + IK42 f(ty)dty =0
KIS 4% % K X!
A 37
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(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)
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which must be solved for the unknown functions f4.f2,f3 and f4. For single-valuedness

~of solution it is necessary to use also additional conditions which in this case are going

to be equations of the following form:

1 1
Jf1(r)d1 =0 (3.35) Ifz(r)dr =0 (336)
-1 -1
1 1
Jfa(r)dr =0 (337 ff4(f)d« =0 (3.38)
1

-1

The constants C's in (3.31 -3.34) are real numbers and are calculated according to the
following expressions:
-R

Ta*Tn-Ti - Tys Ryy-Rp*+R

_ _ 14~ M5 |
C12= 2mi ’ Ca4 2ni ’
c =T17'T20'T21*T24. e _Rn'nzo'Ru*Rz‘:,

21 2ni ’ 43" oni '
c =R9-R12-R13+Rw_ c _Rio'nw*nzz'nza.
33 2ni ‘ 44 2ni ’

The Cauchy type kernels Kij are defined as follow:

. H
K Xb Xy 9
BT 2n [$,(Xq - X.) + Xy + X ][5iNB(a + ib) - icosB] + {1,(X, - X.) + X, +X,]
H,,

[S1(Xq-X) + Xy + X ][SING(C +id)- icosB] + i (X, - X)) + X, +X]

+

HIJ

[5,(x4 - %) + X4 + X ][SINB(2 - ID) + icosB] - {1, (X, - X ) + X, + X,]

+

Hﬁ

[5,(q - X.) + X4 + % ]SING(C - id) +icosB] - i[t,(x, - X.) + Xy +X,]

+
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K, = b s Do :
4 2n [$1(Xg = Xc) + X4 + X ][sinB(a + D) - icosB] + ifry(x, - X,) + X, +X,] ‘
™
. Hyz
[5,(Xg - Xc) + X4 + X )[sinB(c +id)- icosB] + i[r(x, - X) + X, +X] 3
. . Hiq
[$,(Xq-X.) + X4 + X ]sinB(a - Ib) + icosB] - f[r,(x, - X ) + X, +X] 23
W
) Hig i
. — , 1
[51(X4-X.) + X, +x_][sinB(c - id) +icos8] - ifr,(X, - X,) + X, + %] N,
N
K. = Xp - Xq H" %
a3 2n [S4(%g - X.) + X4 + X ]SINB(a + ib) - icosB] + {fr,(x, - X)) + X, +X,] -
. Hig ;
[$1(Xg - X) + Xy + X JSINB(c + id)- icosB] + (X, - X,) + X, +X,] :'
+ :
[$,(Xg - X) + Xg + X J[SINB(2 - D) + icosB] - ff1,(x, - X,) + X, +X,] o
]
. Has :'
[5,(Xg = X.) + Xg + X J[SINB(C - idl) + icosB] = [r,{x, - X.) + X, +X] :
.ﬁ-
™
|
F-n
'
¥
; .
o)
™
-
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K xb - X. H“
247 20 J [s,(%q- %) *+ X4 + X JIsin6(a + b) - icosB] + ifr,(x, - X,) + X, +X]
Hao

[S1(Xq- %) + X4 + X J[SING(C +id)- icOSB] + [r)(x, - X)) + X, +X,]

HZZ

[5,(x4-X.) + X4 + % ][5inB(a - Ib) + icosB] - f[r,(x, - X)) + X, +X]

H24

[S1(X4-X.) + X4 +X_][sinB(c - id) +icos8] - ffry(x, - X)) +X, +X]

Xyq" X, G,
K, =
31 2n -[5,(%g - %) + X, + X JISinB w, +icosB] + {1 (x - X ) + X, +X]
. Gy,
- [5,(%p = X)) + Xy + X JISiNBw, +icos6] + i[t,(x, - X)) + X, +X]
Gy,
+

- [ s5(X, - %) + % +%,][Sin6 © - icosB] - [T, (X - X.) + Xy +X ]

R Gys
-[S,(%, - %) + X + X J[sinBw, - icosB] - it (x4 - X.) + X, +X]

R r'.r.—q - "-.‘,.": ',-", o, I. F .'. “."' .‘.'-‘ ‘.'.'." .
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g
o Xq - X Gyo
v K..= d . . .
;EEE 2. 2n -[855(%, - X)) + %, + X JsinB w, +icosB] + i[ty(x,- X.) + X4 + X ]
K Gy,
5 + . . ,
? -[55(xy - %) + % + X JISinBw, +icosB] + it,(x,-X.) + X, +x]
I:. .
W Gu
+
T - [ 55(% - %) + X, + % ]sin® W, - icosB] - {r,(xg- %) + X, +x]
A
R . Gyg
i -[5,(%, - X)) *+ X, + X J[sinBw, - icosB] - ifr,(x, - X,) + X4 +X ]
"
¥
;:“ K = Xd ) XC Gﬂ
i 3 W 2n L -[5,(X, - X)) + %, +X,][SiNB w, +icosB] + i[t,(X - X ) + X +X]
b : .
™ . . .
: § -[55(% = X,) + X, + X J[SiNBw, +icosB] + i[t,(Xy- X ) + X, +X]
[
0o G21
+ +
:_:; -[5,(%y - %) + X, + X Jlsin® w - icosB] - ift,(x - X.) + X, +X ]
s
. Gys
’ -[8,(%, - X)) + X, + X, ][siNBw, - icosB) - ift,(x - x_) + X, +X]
A
. ‘ Xq - Xq Gy
- @2= 2n -[5,(X, - X,) + X, + X J[SiNB @, +icOSB] + i[1,(Xy - X,) + Xy + X ]

G

NN

20
+
’.;S “[S,0% - X)) + Xy + x‘][sme w, +icosB] + ifr,(x - X,) + Xy + X ]
[/,
Gy,

[ N7, + . : '
G “[5500 %) + X, + X J[sinBw - icosB] - ifr,(x,-X.) + Xy +X]
-\.:;
\_. G

" + 24
5 -[5(%y - X) *+ X, + X, JsinBw, = icosB] - ift,(x4- %) + x4 +X]
4

>
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IV. Method of solution - set of Cauchy type integral equations.

The set of equations (3.31-3.34) are known as singular Cauchy type integral
equations. They can be solved by using Lobatto-Tchebyshev collocation method. In

this method, we replace each equation by n linear algebraic _quations of the following

structure:
F ()W n
C Z—Lu + EK F ()W, = p(x) (4.1)
M o ket <P ¥ !
where opf=1234 and
« =cos & '-11)"' k=1,2,.,n (4.2)
n 4
W, =w = =— = LN :
=W, - 1) w, — r=23,.,n1 (4.3)
meas 2-1)n -
xl-cos 5n=2 j=1,2,..,n-1 (4.4)
Also, equations (3.35-3.38) are replaced by:
n
2. F (50 W= 5 :
k=1
Hence, the set of integral equations together with conditions are reduced 1
mathematically to set of 4n algebraic equations with 4n unknow:.; in the form:
[A]{F} = (P} (46) -
} ‘
where [ A]is 4n x 4n matrix of coefficients and { P } is loading function vector. So the '
solution of the problem is: 7\

-1
(F} =[A] (P} (4.7) E.g
A42 :
3
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V. Stress intensity factors. Y

Stress intensity factors at the tips of the crack are defined as follow:

k,(x,) = lim f2(x‘ - X,) cyzyz(xz, 0) (5.1)

27 A

k,(x,) = lim /2(x. - X,) f,%(xz,ﬁ} (5.2)

- 2ndis |

k(%) = lim  [20¢, - %) 8y, X2.0) (5.3) .

2%

k,(X,) = lim /2(x2 - X,) szyz(XZ,O) (5.4)

2%

ky(x,) = lim f2(xc - Xq) cym(x,,O) (5.5)

i Bndla™

Kyl = lim  J20 X)) 5, (%0.0) (5.6)

X%

ky(xy) = lim f2(x1 - Xg) cy1y1(x1,0) (5.7)

X

kg =tim  f20¢, %) 7, (%,,0) (5.8) -

o Badie ™ iy
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e ool he gu @b Gp ML o o ) Sp RS de S
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AMTIe =weae s bl h el g YIFF-F P Y 5.
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where the stresses are the total stresses (the superscript T is omitted).

It is also possible to express the stress intensity factors in { rms of a special function
evaluated at the ends of the crack ie. Fu(1) or Fu(-1) (n=1,2,3,4) by applying the
following transformation to the singular part of stress equations.

It is known, [1] and [2], that the singular behavior around the end points of the crack

can be expressed by:

A43
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-9ip
1E I tf(_) dt = - Fa)(b - a)* =——(z-a)® + Fo)(b - a)" Z-b)* + 0@ (59
sinnf sinno

where o, are order of singularity at a,b respectively; z is a complex number; 0(z) is a

higer order error term which can be neglected. Function F(t) is assumed to be
bounded because singular behavior of f(t) is completely determined by the
fundamental function w(t). For this class of problems in «.asticity the fundamental

function is of the form:

w(t) = (b - )*(t- a)° | (5.92)

Thus, we can write:

f(t) = F(t)(b-Y<- a)’ (5.9b)

it the singularity at the crack tips is -0.5 and a=-1, b=1 equation (5.8a) can be written

as:

F (t)

F(Y) = (5.9¢)
J&-1

Using the above equations, it is assumed that, the order of singularity at:

Xy is B,
X is
b %2 (5.9d)
X, is B,
X4 is o,

It will be shown in the case of a skewed crack configuration, that the order of

singularity at the common point (xp=x,=0) is not equal to -0.5, while at x5 and xq it

A 44
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remains -0.5.

Applying the transformation (3.26),(3.29) into equations (5.1-5.8) we obtain the stress

intensity factor k{(x3) as:

L
X, =X X +X
: b b -
k,(x) = lim \/Z(X‘-sz 5 =- 5 ‘) Oy 52 0) =
Sz_’" .

+5,) Oy dS2:%) = (5.10)

= lim
- -1

= i =X, f-1)(1 +s,) s,,0
SIZ'T-1 \fxb x‘ J( 1)\ *SZ) °’yzyz( 2’ )

All the singular terms in equations (3.31-3.34) are transformed using (5.9). For the

case of a=-1 and b=1, the first two terms of (3.31) become:

i

> \
fi(,) e’ z
" n-! S, T N J— sm(-—) e
¢ ()= 1)'% 511)
: J— sm(-—) '
1 z il
1 fT)
nC,,— dt,=nC,, §-F () =—""71Cs, *1)
Mnda,-s, ) J— sm(-—)
1
¢ B == _ 5.12
J— sm(-—) 512

Finally substituting the sum of (5.11) and (5.12) for oyzyz(sz,O) into (5.10) we have:
X, - X
kyxJ=n [ 22 [ CaFal1) * Cog Pl ] (5.13)
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B Y

o
All the other stress intensity factors are obtained in a similar wav. N
Hence, ol

’
X, - X 2
Ky(x)=n f b2 . [ C, Fy(-1) + C Fq(-1)] (5.14) 4

S

Xp = X S

K(x,)=-n / bz . [ Cy3 Fy(1) + Cyy F4(1)] (5.15) 3
% X1, F (1) + C F (1

Ky(X,)=-1 > [ aa Fal1) + Cy R )] (5.16) -
’

-

Xg- X, ' o

kix)=n ) =5= Cy, Fy(-1) (5.17) ’~
i
Xg - X, ]

k)= [ =52 C, Fy(-1) (5.18) =
X, - X .

d »

k(X =-n —23 C,, Fo(1) (5.19) e
Xgq ™ Xe : F"

ky(xg)=-mn > C,, Fy(1) (5.20) i,
)

VI. Skew Crack Configuration xp=x.=0.

Introduction.

St A JAEALALS
'g e .
Sy

v

By setting xp=xc=0 in equations (3.15-3.20) we have the case of a skewed crack in an

P e
:&{‘-‘.k

infinite plate. The boundary conditions (3.21-3.24) remain the same and equations

(3.15-3.30) become:

e i@ N
1
s

[}
E W B

P

| 1
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(6.1)

X,=(1-5,) T. 1 <1,5,<1 (6.2)
x‘

dty=-5dr, (6.3)
X4

t1 =(1+ T]) > (6.4)
X4

x‘=(1 +si)_2' -1 <1,,8,< 1 (6.5)

X4
dt, = -?drI : (6.6)

Normalizing the integral equations with (6.1-6.6) we obtain again a set of integral
equations as (3.31-3.34), however the kernels become singular when tx and X;
approach the common point (xp=xc=0). Thus, a different kind of collocation method
has to be employed. Also (3.35-3.38) no longer holds, so another set of constraints
must be applied.

If one attempts to use the Lobatto-Tchebyshev collocation method as a rough

approximation, then the following conditions can be used:

F (-1)=0 (6.7) )
F(-1)=0 (6.8) ?
Fy(1) =0 (6.9) r:
Fg1) =0 (6.10) ‘

[

since we have to assume that the function f(t) is approximated by F(t), for example:
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% oo = 20
W = T/
i JE-1
' but as it was mention above, in the skew crack case at the common point (xp=xs=0)

o
-

the order of singularity is not -0.5, the proper fundamental function is actually:

..

F,Q)

Jted ¢-1

~,

(O =

where F is new bounded function and a is not -0.5. Considering the above we have:

F) = FOJET (-1 = F(1)=F,(1)0 =0

ave:

COGHOGESL JOTMENNRE, S AR

similar arguments (6.8-6.10) can also be proved.

It is better, however, to use the Gauss-Jacobi or Lobatto-Jacobi collocation method,
because the general order of singularity § can be applied. In this case, we can use the

additional constraint, that the displacements at the common point must be the same,

either for the main or for the kink crack:

1 1
X [ e ary = x, [ a(r) 5in8 - f(ry) cos8 | o, (6.11)
-1 -1
! 1

X4 j fL(r,) dry ==X, J [[f,(rp) cose + £(r,) siné | o, (6.12)
3 K

We also need two additional equations and to determine the order of

singularity f at the "wedge appex” ie. common point of both cracks (0,0).
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Singularity order for a kink crack problem.

Let's start with (3.31) where we set x=x,=0. Then, the kernel becomes:

H

187 2n (--:(?‘-’-)(sI + 1)[sin8(a+ ib) - icosB] + i(x, - 1)

HH

+

(--:3)(s1 + 1)[sin8(c + id) - icosB] + i(t, - 1)

HI3

+

(.;i)(s‘ + 1)[sind(a - ib) +icos] - i(x, - 1)

H15

+

(-;‘1)(5‘ + D)fsinB(c - id) +icos®) - i(x, - 1)

or
-iH,
K13=15'1€ (r,- 1) - i(- ;(i){sine(anb)-icose}(s,,+1)
. ‘ -iH,,
(r,-1) - i(- :—d)[sine(c +id)- i cosB(s, + 1)
] iH,,
+ (1,- 1) + i(- ;i)[sine(a-ib)ﬂcose](sl +1)
‘ i H,g
* (r,-1) + i(- ;%)[sine(c-id) +icos)(s, + 1)
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e L e

Let's define new variables as follow:

p2=‘l'2'1 ‘2<p2<0 dp2=d1‘2 (613)
. and
» X
, W, =[cos8 + isinB (a + ib)](~ -x—‘i )(s, +1) (6.14)
Y
X
! w, =[cos8  isind (¢ + i](- 2 Ys, +1) (6.15)
a
{ xd
: wy =[cos8 + ising (a- b))(- =2 )(s, +1) (6.16)
|
X .
W, = [cos + ising (c- id)](-;(i)(s, 1) (6.17)
¥

Noting structural similarity between Ki3K4,Kos and K4 also substituting

(6.13-6.17)in (3.31) and in (3.32) we obtain:

- T W N WL

! 0
f(ty) fa(p,)
nCm“I-g——‘——dt‘w-‘- -HglI ¥Pe dp,
E 305 2 T2 P2 W,
g 0 0
'Hn%f 3(-P2) dp, Hn;{l P dp, -
: 2P, 2PV, 13
' 0 0 2]
1 fg(Pz) 1 fq(Pz) _{:
: * Hts;J T P2” HtoEI T dp, (6.18) .
! 2 P2 2P - 1
0 0
n ] I fdp) do. +H. ) I fa(P2) g
BT PR R TP D
2 P2 ™2 2P

Y W

0
1 f4(Pz)
+H, = [ = -¢,c08 B
65 “w P2 0
2 P2" Y
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and 1 1 K(t) i 11 f(p,) y
I 2 P2~ ¥ ;
0 X
(P,) £.(p,) 3
-lel P2 4, Hztlj il :
111 (1 4 - o
2 P2" M, 3 P2 Y 3
f1(p,) ; f{(p,) )
+H231J 20 Pz'ch%I 2 dp, (6.19) ;
0 0 :
1 fdp) 1 ( fpy) b
-H2°EJ de, sz;[ P2
2 P2~ ¥ 32 P2V,
0
f
+Haq 1; I <2 dp, | = -o,sin8cosB

Performing similar operations on (3.33) we obtain:

B A M L Ll S Yo Y fe Yo P

N~ v
st 4y

G

9 ‘.
1
K. =— X .
31 2n (- X—‘)(1 -5,)(sinB w, + icosB) + i(t, + 1) _
d o~
N
G =~
+ I IR
X
(- X—:)(1 - 5,)(5IN6 w, + icosB) + i(t, + 1) .i
Gy

+

(’ :((_:)(1 - Sz)(sine w, - icosB) - i(r‘ +1)

GIS
+

X
(' X—:)U - 8,)(sinB w, - icosB) - i(t, + 1)
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or -iG

9
11
= —— X
7 Zm | (e - i(-22)00- 5,8, + icose)
d
'iGn
+
X
(v, +1) - i(- ;:)(1 -8,)(sinB w, + icosB)
iGy,
+
X
(v, +1)+ i(- X—'—)(1 -S,)(sinB w, - icosB)
d
iGys
+

X
(1” +1) + i(- ;(3)(1 - sz)(sinB w, - icosB)
d

Again defining new variables:

py=T+1 dp,’“df1 0<P1<2
and
=[cosB - isinB w‘]( x—‘)(sz -1
d
X
2, =[cosB - ising “’z]( X—:)(Sz -1)
X
=[cosB+isind w‘](- x—‘)(sz -1)
d
X
=[cosB+isinB “’2](' x—‘)(sz -1
4

Substituting (6.20-6.24) into (3.33) and (3.34) we obtain:
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=
(6.21) E(,_
\.P
s
(6.22) fr_
)
(6.23) .
Ky
I\.
(6.25) N
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X
¢
’
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’d
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F)
x
A
[
®
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X
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v
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L3
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"R L ]
SuN

1
f.(t,) f(
lj T2 4t + nC lI %)
t,-s, °? Ml s
-1 2 T2 -1 2 2

N )‘J‘

d‘rz

AT

A

cae @
’s‘,“.'

_n -
SARN
N,

2

I ,(p,)

o P172 0o P17%;

d

Py

’K'

" +
T

2
1
+ G -—J p,+ —_—
R EIEA To P12 P (6.25)

and

>

|

L]

Q

o
O R ) s RS

"4-'.-./ XA c-"?«.’»’»ﬁ'{s SO LA ‘.':H' RRRARR)

. ', * s %2 < A . '- ‘- A .

* V.-' /'-..
oy

—
Lo
©
—
~
al

©
'
N
~n

(o3

©

.N ‘t'
h)

—
©
e
—
B
o~
©
s
T R
{K'?. s

! (6.26)
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It should be noted that for s1— -1 when -1 <sy <1 Re(wqwpw3wy) >0 and for
sp— 1 when -1<sy<1 Re(zy,22.23.24) < 0. So applying (5.9) to (6.18) and noting

that terms with f3 and f4 are singular only for po=w;=0 or 1=1 and sy=-1 we

have:

nCy, [ F)(-1) 2 'cotnp, (s, + TR F2(1)2"' cotrae, (1 -s,)"']

l;g F3(1)2"' ,1 w:’+0(p)]
Sll’h'wL2

iH 0
Y FM2t '+ 0
R (p)] _’
Y
! 2
i 0 X
DY F (M2 '+ 0 =~
.
! iH n .'-:
| ) P '+ 0(p) 2
| ? sin 627) )
| iH i,.
SR ()2 '——w .0 e
SR 2 — (p)]
| .
iH
2R ay2 ’—-—w 0
| S E M2 W' (p)] ‘.
iH p
. 14 [F4(1)2 ' +0(p)] o
2 sin =
9.
iH
+ 2'6 [ Fi(1) 2 ‘——w4 + O(p)] -G, cos’8 i
sin o
.
where «},a7,81,8 are chosen according to (5.9¢). N
o
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Analogically from (6.19) we have:

nCy; [ Fy(-1) 2" cotaf, (s, + 1)"' + F(1) 2”' cotne, (1 -s,)"]

iH 8
-T" Fy(1) 2= w e ()

iHq b,
-_2_ Fy(1) 2

W '+ 0(p)
sin

iH p
+ 2'[F3(1) P w '+ 0(p)
2 sin

]
]
. |
R W:SI ) o
]
]
|
o]

LA LTTy, AAASTONE Al g g
w
.?

Hi F ()2

W '+ 0(p)

sin

i H

F 1) 2 & 2+ 0(p)

sin

iH,,
sy LIOF: ’-;——w + 0(p)

+

My F ()2

"+ 0(p)

+

= -¢g, cosBsinB
sin 0

Similar operations with (6.25) and (6.26) when terms with f{ fo are singular at py=2,=0

or ty=-1 and so=1 giveus:
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nCyl -F (1) 27 "R ()2 .
33] -F4(-1) 2 “cotnfl, (s, + 1) * + Fy(1) 2 "cotnoy, (1 -s,)

nCyf -E (1) 2™ "L Em 2 E
v 5Csq| F 1) 2 cotn, (s, + 1)F + F (1) 2" cotra, (1-5,)

% SE (12" sin1np, (z)" e O(p)]
_ .'%‘ E 12" sin:% (2)" e 0(p)]
. %ﬁ Ry 2" smlp, (2)" O(p)]
oSl ren el 2)" + O(p)} 629
R ST ) O(p)]
_ %2 (2 smlm (z,)" + O(p)]
R IS sin1np, (2" + O(p)]
Nl S sin1n|3‘ (20" + 0(p)] = s,
and
A 56
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o (1] f «
“043['F3(‘1) 2 *cotnfy (s, + 1) * + Fy(1) 2 *cotuoe, (1 - 5,) ]

n044[~F4(-1) 2 cotnp, (s, + 1)“’ + F (1) 2"’ cotnec, (1 - sz)"]

. i—G'J ":1('1)2‘(1 .1 ('21)"' + 0(P)]
sinnf,
iG
. 9] -F 1) 2 — p(zz) +0(p)]
iG,,
+ — F,( 1)2 Sinm [3 (- 23) P)]
] 12" (- 24 + 0(p;
sinnf3, (6.30)
iG
C sl LEen 2™ (2" 0(p)]
sinn [3
iGZO ) : 4 1 .
. < Fy(-1) 2 sinap, (- 22) O(p)]
. iG?Z[ R 2 . O(p)]
sinnt
iG24 i _ « 1 ) By . _
+ [ F)(-1) 2 sinn[31( Z,) 0(P)] =

Substituting back for wq..w4 in (6,27) and examining behavior at xgq (ie. multiplying

(6.27) by lim (1-s1)°

f
F,(1)2 ' cotnex, = 0

al  where

-1<j<0) we have:

A 57

lim (1-

si-ﬂ

s‘)-

*

-1<U.1<0




Rt nd - a J
et e LA ST Y L s L L A AL A L AL LEREREAL SUALAL LS EALUESEMAR RN LS ST AL Lo N P W S I R T T N T A

,\
Y
_‘}
NADC-87133-60 ’
-
or 1 o~
cosnax, =0 = o =-3 o
N
>,
Multiplying now (6.28) or (6.30) by  lim (s, + 1) -1<B,<0 we obtain:
Sz—) -1 :.:
“2 l,
-Fy(-1) 2 “cotnf, =0 :._
o 1 g
cotnfi,=0 = [52=-5 -

Let's examine (6.27-6.30) at sy—-1 and sp—1 by multiplying (6.27) and (6.28) by

lim (s,+1)”  and(6.29-6.30) by: lim (1-s,)" where B, =o,=0 2
sy -1 s 1 8_.
We obtain: ‘;~
X
-nC,, F (-1 cot 1 ) 8 b n( d\ e
nC,, F,(- )J— nf - 3()ﬁsm[3[cos +isinB(a + ib)] -;—) %
iHy, 1 Xq\" o
1 cos8 + i sinB(c + id)]’ ,
70 P gpleost snete 1)
IH X n :'.
cos8 - isinga- b)) (- =2 »
. 3()ﬁsmp[ ( )1(x.)
iH X A"
15 \ 1 1 N d
—F (1) — cos8 - ising(c- id —
- 3(;ﬁsmpl c-ar(-52) :
°
IH 1 Xy 0 T
- 1 cos8 + isinB(a + ib)]"{ - = T
SO (1) = ﬁsm e @+ b)(- ) :
iH 1 X \" b
12 n d
- 1 cosB +isinB(c +id —
()ﬁsm l e+ (-3) :
|H Xq\" o
+ cosB - isinB(a - ib)] (- — '1
4( )J_ ﬁ[ ( x‘) S
IH 1 )(d o ~
1 cosB - isinBc-id)J"(-—=} =0 ®
R c-iar(-32) :

?
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or

F,(-1)(-nC,, cosnp) + F (1)(-— [ Hy[cos8 + ising(a + b))’
-H,,[cosB + isinB(c + id)]’ +H,,[cosB - i sing(a - ib) |’

H,slcos8 - ising(c - id) ]"]
. |=4(1)(-§—:)n -é- [ H,[cos8 + isinB(a + b))’ &30

- H,,[cosB + ising(c + id)]"

+H, ,[cosB - isinB(a - ib) "+ H,  [cosB - i sinB(c - id) ]”] =0

Analogically from (6.28) we obtain:

F,(-1)(-nC, | cosnp) + F:,(1)(-i—")‘3 é— [-H,,[cose +ising(a + ib)]"

-Hyglcos8 + ising(c + id)]" +H,,[cosB - i sing(a - ib) |°

+H,,[cos8 - isine(c - id) ]"]

+ F (1)( [ H,g[cos® +isinB(a + ib))? (6.32)
- Hzo[cose +ising(c + id))’

+H,,[c0sB - isinB(a - ib) "+ H, [cosB - isinB(c - id) ]"] =0

Examination of (6.29) gives us the following:

A 59

........

T T T T Trie T A At My AL AR S PR RNy SN
f;ﬂ *‘ fﬁ"’:&‘.” (I.ﬁ'rk. \.\- \-{h(‘.h-*\{h': ‘t\ _\_\A‘A-A.\ AAA.A\-& \L'; ORI POV NPT SN W A,

[FATRERT SN I I

P . ..
N PR i AR
e e e e,
‘'t o 4o

-y,

AAS LS

T

P .A.(\.r.':‘




D aa M EAR A M LA s skt i e A S AR A A AU A SLSC SRR AN S A CACACAAAOMEAAC R
'| NADC-87133-60
i
. 1 1
, nC.., F(1)—=cotnp + nC,,F (1) —=cotnf
' 33'3 34 4
: 2 2
, iG X
+ __‘i;:‘(-1)_1_.. 1 {cose-ising w,]"(--i)
2 J2 sinap X
iG X\’
: . _1'5:1(-1)_1__ _1 [cosB - isind wz]"(--:)
i 2 J2 sinnp Xq
G X\’
E - __2_'_3;:‘(-1)_l_ _1 [cosB+isinB wI]”(- -:)
,» J2 sinnp X4
; iG X\
' - —DF -1)—1-— ! cosB+isind w,)’{- —
7 il ﬁsinnﬂ[ 4 ( xd)
iG 1 1 X \"
, e —=F ()= cosB-isinBw (-2
: L pry 5
. 6
i 16y, 11 .- of X
F(-1) ==———[cosB-isinBuw,]'\-—
-; 2 %7 [7 sinnp 2 ( d)
G X, "
14 1 1 .. B a
- —F(-1) — cosB+isinBuw,)'\-—
2 2( ) ﬁ sinnﬂ [ l] ( Xd)
iG X,
- —516 FZ(-1)-1—— L [cosB+isind wz]"(-—'i) =0

J2 sinng ¢

or

w e
L]
:'l'-"

TRAY . ;
Fi(1)ynCycosnf + F (1) nCycosnf + Fl(-1)-2-(--)i—) [Gg[cose-lsme u)]][

>

3
«

)
+ Gy [cosB-isingw, - GlcosB+isinBw,)” - G c038+isin9m2]”] ]
i X P ':‘
+ Fz(-1)5(--x—:-) [Gw[cose~isin8wl]“ + G, cosB - ising w,)’ .
'
- G, [cosB+ising w‘]" - Gyl cose+isinew2]"] =0 (6.33) :-_1.—_

and analogically from (6.30) we have the last equation:

G %

PO Ils r'/"'
alul pintals’ai
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N

Fy(1) nCyycosnp + F (1) nC,cosnf + F‘H)%('x—:) [Gn[ cosB-isinB “’1]n

+ G, [ cosB - isinB wz]" - Gm[cosedsinewi]" - Gy,[ cosB+ising wz]"]
i(X“)”G 8-isinBw,’ + G, [ cosB-isind w,)"

+ Fz(-1)—2— E gl COSB-isinBw " + G, [ cosB-isinBw,)

- G,,[ cosB+isinBw,)’ - G, cosB+isian2]"] =0 (6.34)

The set of equations (6.31-6.34) gives a system of four equations with four unknowns

Fq(-1), Fo(-1), F3(1), F4(1) and the right hand side equal to zero. We can write the

above set in following form:

X P X0 .
(-nC,,cosnp) Fy(-1) + (;‘l) A Fy(1) + (321) S A Fy(1) = 0
xd f’i xd ﬂi
(1Cycosnp) Fi(-1) v (+28) 2 A, Faft) + (-22) SApFi) = 0
( Xa)" i X\ i (6.35)
"X, S A P+ (;d') 5 Agg (1)
+ ncosnfi C,, Fy(1) + ncosnf Cyy F (1) = 0

B . [
('z_:) %A‘ﬂ Fi(-1) + (' ;(X_:') %’qu Fo(-1)

+ ncosnfB C,o Fo(1) + ncosnf CyyFy(1) = 0

In order to have a unique solution of this system of equations the determinant of the

coefficients must be zero.
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K
2 i
4 4 n 2
-ncos nf C,,C,,C,,C,, - = cos P C12Cah00A ,:‘;E
sz 2 ﬂ.2 2 ;
- 708 1B Cp,Caphaahyy + 7 cos 1P Cy,Ch0A A ~
"2200AA ‘cos'npc,,c,.C..C §
+ 7708 1P CpChuhnshqy + ncos nf Cy,C,,C,Cyy
nz 2 1
+ 05 nf Cp Caihizhaz + 75 ArshadtaiAe (6.36)
3 nA A A - costnpCL CLALA
" 76 Miafhedhazhar - €08 18 Gy Cih Ay
T cosnB C, oA A - AL A A A X
" 7 008 M Cp Lt - 5 MAnPnAe Ny
1 nz 2 >
* 75 Adhastahar + 7 €0S 1B CyiCopA A = 0 u
.,
N
where: ;':_*
)
,:\-
g
A, = -Hg[cosB +isinB(a + ib))? - H,,lcos8 +isinB(c + id)]” + f
'
+H,,[cos8 - i sinB(a - ib) |+ H,s[cos8 - i sinB(c - id) |’ 5:
A, = - H,[cosB +isinB(a + b))’ - H,,[cosB + i sinB(c « id)] + :
+H, [cos8 - isinB(a - ib) "+ H,[cosB - i sing(c - id) |
A, = -H,,[cosB +isinB(a + ib)]" - H, [cosB + isinB(c + id)]’ + o
+H,,[cosB - isinb(a - ib) '+ H,,[cos8 - i sing(c - id) |’
A,, = - H,glcosB +ising(a + b))’ - H,g[cosB + ising(c + id)]" +
®
+ H,,[cosB - i sinB(a - ib) J"+H,[cos8 - i sin(c - id) " i’
~
Ay = GglcosB-isinBuw ]’ + G [cosB-isinBw,” - %
- G,;lcosB+isinBuw,|" - G, cosB+isinBw,) E
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A= GyglcosB-isinBw " + G [cosB-isinBuw,]" -
-G, JcosB+isinBw ' - G cosB+isingw,)
Agy = Gyl cosB-isinBw,)" + G,[cosB-isinBuw,) -
- G,,[cosB +isinBw," - G, [ cosB+ising w,]

Ap= GlcosB-isinBuw]” + G, cos8-isinBw,) -

2=

- Gyl cosB+isinBw,]’ - G, cos8+ising w,)’

The only unknown in (6.36) is B which has to be found so (6.2€) is satisfied. Once fis
found, two equations from (6.35) can be chosen, that together with (6.11-6.12) become
the additional conditions necessary to solve system of integral equations

(3.31-3.34) by Gauss-Jacobi or Lobatto-Jacobi method.
It should be pointed out that in order to avoid multivaluedness of solution only one
branch of complex number must be taken for the calculations.

The method of choosing the branch is explained as follows. Formula (5.9) is true for
representing crack a-b and complex number z-a=r1ei‘1>l and z-b=r2e“¥’2 where
argument is determined uniquely by making a cut of the complex plane between poles

a and b sothat O<¢q<2r and -n<do<n. In this way, any complex number z taken

to real power B will have a unique solution as follows:

id in¢
[cos8 - isinBw,]" = plle ) =ple
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vt ORI s ™ ™

VIl. Stress intensity factors for skew crack case.

The set of singular integral equations with the generalized Cauchy kernels and four

sTE K LA -NEEEETY X ¥ F_V_T

additional conditions in the form of the equations (6.11), (6.12), (6.31) and (6.32) can

be solved by Gauss-Jacobi collocation method. We can find tx as roots of Jacobi

o "

polynomial of order n as follows:

Y ¥ _»

(), \\ _
P, (t)=20
Collocation points xj are found as roots of:

(¢+1 0+1)

(x)=0

i
E

and weighting coefficients are calculated according to formula:

(2n+a+B+2) T(n+ax+1) T(n+f+1) 2%*°

(n+1)!(n+ous fe1) F(neacefe1) PP 1) dtpf,""’ (t)

W, =-

In order to find expressions for the stress intensity factors we start from definitions (5.1-

5.8) and follow the same procedure with different order of singularity.

Starting from (5.10) with xp=0.

<
aad

ki) = lim [x AT 145y 0,050 (7.1)
S, -

Since at x4 only the two first terms of (3.33) are singular, using (5.9) we have.

« e g ey g L
';E'l':; '{.;‘,".'- '

[y
) |
o P

s
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) w1
. (-7i)-3)
| 10 B e 3
* nCy, —J———drz = 1. Cyy | -1 (2" (s, + 1)
14 -S . 119
1925 SIn('5)
1 1 .
+ F,(1)— S,-1
X )ﬁsinnp( )]
, and
U |
(-mi)(-=)
1 (1) F-1) 20 & i N
| “034;IT_S d‘z‘“ca4’4(')()—ﬂ‘(sz* )
-1 2 2

Sin('i)

e E) e (s, - 1"
F"U)ﬁsinu[i (52~ 1)

Substituting the above results for stress in (7.1) and after some algebra we get:

: kyx) = ©.2° o] [ CaaFal-1) + Cagf-1)] (7.2)
‘ Ky(x,) = nz“ﬁ[cnga(-1) + CoF (1] (7.3)
Ky(xg) =- 12" fxg CpFy(1) (7.4)
kyl%g) =- 12" fxg CpFy(1) (7.5)

where rest of stress intensity factors were found in similar way.
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Vill. Normalized stress intensity factors.

In order to present computational results for two crack configuration and for skew crack '
configuration , the stress intensity factors are normalized. e

’

Let's define length of the cracks as xgxp=L1 and xcxg=Lo. Then normalized stress
intensity factors become: *
K. 3
n | N
ki = —= p=1,2 (8.1)

Lp ’;

% \/; - :

.

Ly

o

o,

Thus, the mode one stress intensity factor, for the two crack configuration, at x5 is: v
e

n . o

Ky0¢,) = -—[ CaaFa-1) + CygFy(- 1)] (8.2) :

[

0 -

.

and for the skew crack case: 5
| 3

" n r -

) = [ CasFal-) + CagflN)] 2 (8.3) g

00 K

IX. Strain Energy Release Rate for x4.
Let's use the usual definition of the strain enargy release rate [3]:
q R

G=—(U-VY _

= (V-Y) (9.1) g

where G is the total energy and consists of two parts which represent mode-1 ( G, ) E;:
C,

N

and mode-Il (G); ): >N
3

G= GI + G” (9.2) -.'..‘

-

.8
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(A
‘ % at x = x4, we may write [4]:
”
""' xgq+da
La'd
- 1 + -
dUd:V - EI [ayiyi(xl,O)[ v(x,-da,0") - v(x,-da,0)]

. m xg

iy + =
& + rxm(x,,O)[ u(x,-da,0’) - u(x,-da,O)]]dx, (9.3)
2 or
B xgtda

,': 1 + -

_:: G, = 5Iay1y‘(x1,0)[v(x, -da,0% - ¥(x, - da,0)] dx, (9.4)

X

;:E' Xq+da
Ayl - 1 + -
s G, = 5Irx1y‘(x|,0)[ u(x,- da,0%) - u(x,- da,0") ] dx, (9.5)
¥ 3 g

E To evaluate integral (9.3), the asymptotic expressions of stresses and displacements
N

j?.‘ around the crack tip are needed. The expression of normal and shear stress can be
&
P easily obtained by using the following definitions:
L,
N

:: (x,.0) (% higher order terms (9.6)

c 4 0) = —m——= + .

o " v &%y -%g)

o K, (Xg)

oS T .. (X,0) = ——===—=+ higher order temns (9.7)

‘ ™ 2(%, - Xg)

! Asymptotic expression for the displacements can be obtained using:

u = u(x,,0%-uwx,0) = lim J 0 jax

*, . (.07 - ux,.0) yy = 0 [ € ™ Exyq 191

Y

5 . N CINE

* AY = Wx,,0)-¥x,,0) = Im J[ Sy Sy, ] dy,

,] Yy = 0
e

N
S A 67
L

-

" .
PP NIRRTy
b N e A




2 a4 M it ol a i gt R g oA 00 Rt Gl 6 0 00 A ORI LSt At ol Al Ball’S TS NS R AT AT T AL i e S L TS ).‘:

NADC-87133-60

where total strains can be found from (1.22-1.23) from ftotal stresses obtained
according to (3.4a,b) using (1.14-1.17) and (3.2-3.3) upon substitution of (3.1) into

(2.20-2.25). However, it is known that at x4 only terms with f{ and fo contribute to

singular behavior. Thus Au and Av can also be found directly us. .g (1.20-1.21), [5).

Au = Jq(x')dx, (9.8)
Ay = Irz(x,)dx, (9.9)
Starting from this point we shall substitute for fq, fo from (1.29 - 1.30) taking A,B from
(1.35-1.36) as
A= K‘ + KZ“"Z
B =-K, - sz‘
where
1 1 K ist
Ky = 5 ——5—5 [ f(tye '
s 2a,,(w;-w,) x
(D w "
K, = £ L ™,
is® 2a 2(w‘ ) X
\
Hence, the normal displacement expression is: ]
o
R
)
-, - 0,lsly} o,lsly; e
Ay . -1 I S +(Ac,+Bc,)e W2 ®
a0 | Tor a -a e
2n_ Is] ®, (3)50y - 25) ;:_‘:3
_ e
-y Isly; o, Isly, A 4
Be *° +(Ac,-Bc,)e -isx
3 11 2 ds (9.10)
a -a
* " (2),9; - 2p) .S«
2 BN
.'__\'
o
A €8 NN
o
o
WS T el N S A PRI AN P R NN ;(‘.'_ .{‘
\."\.'\.' O P 2O _\!" i _s". :_A'B.ka.{\'kMt.{q.mﬁ_ Lafar AT R N e
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and for shear displacement the analogical expression is:

- 04lslyy oqlsly,
= lim =— [[A T (A, +Beyye ! y'](a”mf-a

y_,02 12)

~@.lslys
e M (Ac,-Be,)e ](a" 2. 2)]

where c4,cp,c3 are taken from (1.13 a,b,c).

With (9.12-9.15) we obtain:

X :
If tye 't
o (tye 'dy 2 -oylsly; ,lsly}
Av-—h -1 J X (a0 -2,,)e )
T 2n a
,.ZIsl(w " W,
a :
. IS(‘
wdsly;  wjisly, J fltye 'd
(a12 2 2)(9 -e ) . Is] % (@ 2 a,) 2
- W, - w
wz is a22 1271 227772
-oqlslyy  olsly, sty LA ] ""ﬁ
@ Y a2 e P o0 ,]
and
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ist,
. [reye ', .
. -1 1 1 X 2 - 01|s|y; Q|IS'Y‘
AU =lim —I— [(a wy-a,,)e e
=020 2 1 25wl - wd) ay e
I .
IS“
[ty e e,
2 -oslyy - wdsly, Is| % 2
- (a“wz-alz)(e +e )+ Ty 2, W, | (a,,wy-2,,) w,
-oglsly;  oylsly, ~ajdsly;  wlsly, -is
(e Ty (a“w‘:-aiz)w,(e d '-ei 1)] e X’ds (9.13)

For skew crack configuration

p dt1=%x dt 1<t<1

the equations for displacement now become:

isxy .
— is
g o’ ' ':d ! 2 42 -ogdsly;  ogsly,
Ay =1lm — [ ———— Jf (Ve dtf(w§ - —)u (e -e )
8n 2 2 1 ' a Z\
vy =0 =% L Is|(wy - wy) | 3 n
1 Isxg
a -o,lslyy  @ylsly, 5! a
2 %12 1y 94lslyy Is| J 2 2 %12
- (w5 - —)w -e = -—
( 2 a,, 1( )]+ is rz(“)e dt [(m1 a,, )

-odsly;  ejsly a -olslyy  oylsly, | -is
(e d '4-ezl ')- (wg-a—u)(e e ')] e . ) (9.14)
1
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is .
= _2’<g ! 2%,

o Xgf e 2 2 2y
Au=lim —j—- Ir,(r)e drf(w?- 2 e
11 2 T S a
vy 0 7 L is(wy - wy) [ 1

—oglsly;  alsly,
1 1 e 1 1

1 isxg
a -0 lsly} uzlsly' S = a
12 A : 2 2p2
2.2y MLy L B frge? arjl- 2,
24 21 Ay

™ "I)'t (‘i,\{‘."r.;.' - ».’ -' -, - ,:{ .I -{ - ,.\{.‘ 'l{\{

iswlw

Gl - eozlsly' ) e- = ds (9.15)

First we have to evaluate integrals of terms with variable 1. Note that they all have

‘—. i

general form:

1 1

11 - Jﬂ(‘r) eiMdT (5..29&) Iei&‘(,‘ . 1_),(1 . T)ﬁFi(T) d- (916)
-1 -1

Y e

Bl A PR EE =
" h Y

5 (9.17)

PR
.l‘l\'

It was assumed that function F; can be represented by the following series expansion:

S (@ ) 2
F(0= Z ¢, P, (D (9.18)
n=
Miow after substituting this for F; a series of integrals is obtained

1

1= [P €191+ o e
K

Applying the Rodrigues' formula and integrating by parts it reduces to:

1

L [(ia)"e™ (1-9™"(1 + e 3
(-2) n';

n

e

2
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Now upon transformation t=2u-1, dr=2du, O0<u<1 andsimple algebra the
integral reduces to:

1
(|a) 2-m+2n+l -mJ |2w(1_ )cm omdu

2
2n! 0

and using the result from [6], it gives:

L= (i a)n e+l -ia T(n+p+1) I(n+oe+1)
2"nl I(2n+a+f+2)

$(B+n+1; 2n+o++2; 2ai) (9.19)

2

where  ®(ac;z) = {Fq(aic;z) is a confluent hypergeometric function and

I“(x)I‘(y)/r(x+y)=B(x,y) is a Beta function. The series expansion is true for any 1 from

interval (-1,1), so

> ()
F1(1)=21<.n pi=P1)
n=

o B RO R T
n («,0) 1 ) r 1+n
PlPry (= ) (ov+1+n)
since ,
n! I'(=)
w=-z = F (1)——2 where I‘(l) =2/n (9.20)
2 n 1 ] 5
and analogically
2 «,f
':2(1)=ZCE1 plemigy
n=
12 _ (W _ F (1) _ F(nires1) -
n (e,n) .:_,
Py (o), T(ce+1+n) 3
1 4
2) n! I‘(E) ':.\,1
& =R () —" (9.21) 3
AL A A
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Applying all these results to equations for Av and Au yields:

* n

Av=lm A J 2 $(Ben+1; 2necefe2; isx,)
y,-»O |S|

a - lsly!  @.lslys
C(1)[(“)2 12 Yo, (e 4 .o 2 V1)
i1

n 1" a.
a o lsly;  @,lsly,
2 %2 118l 1Islyy
(0 de(e e ]
Is| (2, 2 242, _-odslyj  ejsly,
+'i_s'cn [(w1--a—)(e +e )
1"
a -alsly; @, lsly, -is
2 42
S gXe e e s
+-h
) S '
Au=lm . A JE (B+n+1; 2n+oe+f+2; isX )
-
a . ’ :
(m, 2 %12 olslyy  olsly,
Cn [(w] -a—)(e +¢€
1
a -odsly;  ojsly,
2 12 i 1
- w - — e
(w; 2, X +e " )
Isl @, 2 2n -oylsly;  oylslyy
" Teagm, n @mg e T e
1@2 1"
a -alslyt  w.sly, -is
2 %2 astyy  edsly, X
- (wy - = Jw,( -e Nle 'ds
2y
where
Xy (ix)" ash
A= a——z—z— B(n*[}*1' n#d.+1) |
s (wy - w,) n

By changing the integration interval to (0,=}, the above expressions for crack surface

displacements become:
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o

. (.t nf , o (M, 2 212
Av=1lm A JC1) s $(B+n+1; 2n+oeefe2; -isx ) | Cp (W) - 5o,
a
y‘_,o 0 1"
-odsly; @ sly, 2 3 -a,lsly;  @,lsly, E,Z) 2 24
R Y (e P O | R .
" ' an
-odsly;  wgsly, Isly;  @ylsly, is
(e "o 1 _(2___)( @y e @ 1)] e "1dS

. 1 a -odsly] o sly,
+ 5 14>([3+n+1,' 2n+o+f+2; isx ) CE\ )[(w?-a—m)wz(e 2 "-e 2 1)
"

(9.22)
2 2 Sl el Ivy (2 Q12 "9 edslyy
- (wz-a—-)m1(e N+ L [(w '5—)(e +e
1" "
2 q2, -oqlsly;  olsly, ~isx
- (wy-—)(e +e Nle ds
4y,
Y ]
. A n -1 .
Au=lm = ( N s g(Benet; 2n+ou+P+2; - isx,,) [( )
i d
yy = 0 a4
- oy lslyy “1|‘|Y] 2 A4y -edslyy  edsly, ¥ 2 212
e +e - (wy-—=)e +e )] - L [(w-—5)
a i L
1 fw,w, 1
-oylsly;  eylsly, 2 4y -odsly;  odsly, isxy
w,(e -e ) - (w,- ZI- Jw,(e -e Nl e ds
1 _ 1 2 -olslyy elsly,
+ S @(Ben+1; 2Nt fe2; isX,) CE, )[(wf- e U ee T (9.23)
1" '
2 2yp  -edsly;  ejsly, C(Z] a,, -olsly;  o,lsly
- (W g—)e ve " )+ (@ 'a_) o€ "€
11 ] w‘wz
a —odslyr @ sly, -is
2 %2 Aslyy  edslyy X
- (wz’ﬁ)w‘(e -e NI e ds
A 74
-, A N R Ry ST NN N T T T e T e LT e et

R IR 20 28 T I I
T 1

Y N

N

]

LS L

i .
- .
pr

PN

P S |

VPN

2P

.
14
y -}

LI

s
4 f«. L{&_i




- W T g VT T T VEEEETET W R N T v Y Y YT S T SR s NN AR ammm—nu s R s

~——x

NADC-87133-60

We now apply the asymptotic expansion for confluent hypergeometric

functions: s

&(2; ¢; x)=—r§)— £ +—I:£Qexx"'c (9.24)

rec-a)}l x r(a)
c=1if Imx) >0
e=-1if Im(x) <0

where inourcase a=f+n+1, c=2n+o+f +2; X=xisx,

Finally applying this to the equations for displacement we obtain:
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fan+!

0 1 _n1 | T(2n+a+f+2) e

Av=lim A J(-1)"' s ,
=0 g r(n+a+1) - IX4S

-isx‘I

I'(2n+ot,+[3+2) e c(l)[(wz i E Yo (e-ozlsly; ) eozlsly;)
, Nea+! n ' a 2
T(n+B+1) (- ix,S) 1
2 242 -oglsly;  oylsly, 5\2) 2 Q42 -edslyy  edsly,
- (wym ooy -e ) sl CrEPasd C +e )
1" 11
a -aylsly;  @ylsly, is
@y e T e T fe M ds
1

i B+n+1 isxg
n1 [ T(2n+x+f+2) | € . F(2n+x+f3+2) e
> XS

F(n+u+1) I‘(n+[3+1) (i)(ds)"'.‘”‘1
(1, 2 % -odsly;  odsly, 2 42 -oylsly;  oylsly,
o [(01- 7 )uy(e e t- (w3~ 3oyl e U]
(2] a ° <
C -@isly w.lsly.
v ol 2y L
! 1"
a -aglsly; w,|sly, -is
- (“’g'a_m (e " ee e T ds (9.25)
1

.
4
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inr f+n+1
Au=lim = I( 1)n 4 _n1 | T(2n+oe+f3+2) e
120" o T(n+o+1) iX ;S

-1 . .
I‘(2n+o¢.+[3+2) e 5% (nl( -_)( - @ylsly; +e0|'$|V1)
ﬂ
I'(n+[3+1) (_ ixds)n«'""
2 Ay ol egsbi O 5 B o oylshy
iRy T e T - e - dugle e
1 Iu.)‘w2 1
a o dsly! @iy, is
-(wg-a—'?-)wl(e #_ od Yl e T as

+S

ndacdl

p+r+1 ISXq
n-1| T(2n+o+f3+2) [ ] T'(2n+a++2) e
IXS

r(n+o+1) IT(n+fB+1) (ix,8)

a - > ; a - * -
(M, 2 %12 o lsly;  olsly, 2 %2 odslyy  egsly,
[cn f - =2xe T e ey - (0d- 2y e

)}
1" 1"
Cf] '°1|S|V1 |lsly;
+ - ‘_) 2( )
|w1w2
a -~ lslysr  wlsly, -is
-(wg-aﬁ) (e #M_od ‘)]] ¢ ds (9.26)
11

Foliowing the integral 3.381 from "Table of integral” by 1.S.Gradshteyn and I.M.Ryzhik
(7]:

Ix"' o PH gy = T'(v) (pz + qz) 2 exp(- ivarctg -g—) (9.27)

p=0, v>-1
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we obtain:
B+-‘-
Ay =-2 2 Fy(1) /xd(xd -X) + higher ordertems (9.28)
and
B+l
Au=-2 2F,(1) [x{xg-X) + higher orderterms (9.29)
where
Ky(Xg) Ky (Xg)
F (1) =-———— F,(1) =
ﬂ%ﬁ 2 nCis E 2
for xq <xg.

Now , substituting in (9.4-9.5) and integrating we have:

(9.31)

or substituting for Cyo and Copq and computing the total strain energy release rate we

have:

2 2
G- %[ Ki(Xg) @@ (@ +w )2y + K(X)w, +w) an] (9.32)

which has the form reported by Cherepanov for the orthotropic case.

For isotropic material and seif-similar crack propagation this reduces to the well known

AaAatakah S b desagan sl ArA I IN IR I R AT A AC SR AR LA LR -T\‘ZQ'JQ'NT

form: )
k. (X,)
\"d
G= (9.33)
E
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